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Segregation in vertically vibrated binary granular mixtures with the same size is studied experimentally. The
partially segregated state occurring in this system is observed carefully. We find that the characteristic of the
partially segregated state is that the lighter particles tend to rise and form a pure layer on the top of the system
while the heavier particles and some of the lighter ones stay at the bottom and form a mixed layer. The ratio
of the thickness of the pure top layer to that of the whole system can be taken as an order parameter, which
describes the degree of the segregation quantitatively and is useful in the investigation of the system. By use
of it, we find that the segregation state is only dependent on the density ratio of the two kinds of particles. The
dependent of the segregation on the vibration frequency is also studied by use of this order parameter, and
finally, two typical phase diagrams are given.
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Granular materials are ubiquitous and their dynamics are
of primary importance to many industrial processes. The
granular materials can flow like liquids, and a variety of
theoretical models have been used to describe the flow �1,2�.
The investigation of these models is referred to as granular
hydrodynamics. However, at the present stage the theory is
only established for a few situations. One example is the
so-called granular gas system corresponding to the very di-
lute and high-speed case, which can be described by a kinetic
theory similar to that of ordinary gas �3,4�. Another example
corresponds to the very dense and low-speed case, for which
a modified plastic model is adapted �5,6�.

One of the most important subjects in granular hydrody-
namics is to explain the segregation phenomenon �1,3�,
which shows unique mixing and separation behavior when
the material is vibrated �7–13� or flowing �14–17�. The seg-
regation mainly results from the difference in particle size;
however, it also depends on differences in density �18,19�,
the properties and angle of repose of the materials �7,20�, the
temperature gradient �21�, the total amount of the particles
�22�, and even the pressure of air in the container �23,24�.
These factors seriously complicated the investigation of the
segregation. To understand fully the segregation phenom-
enon, one has to study the detailed effect of each factor.

The most important size-driven segregation is studied by
observing the binary mixture of particles made of the same
material but with different sizes �with air in the container�
�22�. In the work of Hsiau and Yu, they have introduced a
segregation coefficient, which was defined as the relative dif-
ference between the numbers of the larger particles in the
upper and lower half of the bed, to quantitatively describe
the segregation state. By use of the description, they found
that the greatest segregation effect occurs when the bed is
transformed from a dense state to a loose state, and the seg-
regation coefficient may vary continuously or discontinu-
ously according to the size difference and the total amount of

particles. Their work also shows that a quantitative descrip-
tion of the segregation state is crucial in the investigation of
the segregation phenomenon. However, the segregation co-
efficient did not include detailed information on the distribu-
tion of the particles unless the segregation is completely seg-
regated or completely mixed. The partially segregated state
also appears in the segregation effect driven by a pure den-
sity difference �25,26�, and we offer a clear quantitative de-
scription of the partially segregated state for this system. In
this paper, we study the segregation effect in vertically vi-
brated binary granular mixtures composed of particles with
the same size but different densities, experimentally, and try
to give a clear quantitative description of the partially segre-
gated state occurring in this system.

Our experimental setup consists of a glass cylinder with
inner diameter 35 mm and height 150 mm. The bottom of
the glass cylinder is made of copper to facilitate conduction
of static electricity from the base. This copper base is sup-
ported on the horizontal surface of an electromagnetic vibra-
tion exciter which moves vertically with a harmonic dis-
placement function A sin�2�ft�, where A and f are the
amplitude and frequency of the vibration, respectively. In
general, frequency f and dimensionless acceleration ampli-
tude �=4�2Af2 /g are used as control parameters, where g is
the acceleration due to gravity. The vibration exciter is
mounted on a horizontally leveled heavy base to ensure that
the vibration is accurately vertical. Our experimental appara-
tus can work in the range of acceleration � from 1.0 to 7.0
and range of frequency f from 18 to 100 Hz. Some previous
works have shown that the air in the container may play
complicated roles in the segregation process �23,24�. To
eliminate the influence of the air, the container is evacuated
by a mechanical pump to an air pressure less than 50 Pa.

Different densities of granules are realized by making
them with different materials. We have prepared many gran-
ules with densities ranging from 1.31 to 18.0 g/cm3 �see
Table I�. The particle size used in the experiment is fixed at
0.55 mm. The particles are also selected by rolling them
from a slightly inclined plane to ensure that the shape of the
particles is close to spherical. The segregation process may
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also be influenced by the amount of granules in the container
or the number of layers of the granules piled in the container.
In this work, we restrict the amount of granules to 8.0 ml,
with 4.0 ml of each component, initially arranged in about
14–16 layers at the bottom of the container.

Figure 1 presents experimental photographs showing the
typical segregated states of the mixture of different materials
�densities� at �=6.0 and f =90 Hz. In these figures, we can
see that the states are neither purely segregated nor com-
pletely mixed. They are partially segregated. These partially
segregated states have the character that lighter particles tend
to go up and form a pure layer on top of the system, while
the heavier ones and some of the lighter ones stay at the
bottom and form a mixed layer. We call this type of partially
segregated state a lighter-and-mixed state �LMS�. The thick-
ness of the pure top layer increases as the density of the
heavier particles increases. For the case of the largest density
of heavier particles �Fig. 1�d��, the LMS is very close to the
purely segregated state �PSS�, in which lighter particles are
on top of the heavier ones. For the smallest density of the
heavier particles �Fig. 1�a��, it is rather mixed.

Under the previous scheme of the LMS, there is a unique
relationship between the component of the lighter particles in
the mixed bottom layer and the thickness of the pure top
layer if the granular components are equal in volume. Either
of them can indicate the degree of the segregated state. Thus,
we suggest using twice the ratio of the thickness of the top
layer h1 to that of the whole system h as an order
parameter—i.e., 2h1 /h. Apparently, the completely mixed
state �CMS� corresponds to the ratio being 0 and the PSS to
it being 1. In the LMS, the ratio is between 0 and 1, and it
describes the degree of the segregated state quantitatively.

The order parameter 2h1 /h comes from a unique description
of the segregated state, so it is more clear and accurate than
the segregation coefficient defined by Hsiau and Yu �22�.

The order parameter is also an observable quantity in ex-
periments. We use the following process to obtain the rela-
tive thickness of the top layer. First, we take a digital photo-
graph for the segregated state after the vibration stopped.
Then, we delimit the boundary between the top and bottom
layers by drawing a lowest line that covers up almost all
heavier particles under this line. The determination of the
surface and bottom is trivial, and hereafter the calculation of
the order parameter from these positions is straightforward.
This measurement of the order parameter is fairly stable,
except for very low frequency or very large amplitude of
vibration, where the surface or the boundary between the top
and bottom layers becomes uneven. We have checked the
measurement of the order parameter by measuring it several
times; only a few fluctuations are found �less than 5%�. It is
noticeable that the visible fluctuation is an inherent charac-
teristic of granular material because of the finite size of the
particles. There are some other methods to measure the order
parameter, such as from the average height of each kind of
particles. However, all these methods cannot avoid a visible
fluctuation unless a long-time average is taken.

Figure 2 shows the experimental results of the order pa-
rameter for many combinations of lighter and heavier par-
ticles. The data show that all data points collapse into almost
one function if the density ratio �h /�l is used as variable,
where �h ��l� is the density of the heavier �lighter� particles
in the binary mixture. This implies that the order parameter
is determined only by the density ratio. The experimental
results also show that the order parameter increases mono-
tonically as the density ratio increases and will be saturated
at the value of 1 at higher density ratios.

Figure 3 shows two examples of the order parameters as a
function of vibration frequency: one is in the region where
the system is in an almost PSS at high frequency, and the

TABLE I. Density of materials used in experiments.

Material Density �g/cm3�

Aluminum oxide 1.31

Magnesium 1.7

Glass 2.5

Zirconium oxide 2.87

Titanium alloy 4.45

Ferrous alloy 7.44

Cobalt-chromium-molybdenum alloy 8.37

Tungsten alloy 18.0

(a) (b)

(c) (d)

FIG. 1. Photographs of the segregated state of binary granular
mixtures. The lighter particles are made of aluminum oxide and the
heavier ones are made of �a� zirconium oxide, �b� titanium alloy, �c�
cobalt-chromium-molybdenum alloy, and �d� tungsten alloy, respec-
tively. �=6.0 and f =90 Hz.
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FIG. 2. Order parameter 2h1 /h as a function of �h /�l at �
=6.0 and f =90 Hz. The data from left to right are for mixtures of
glass and titanium alloy, aluminum oxide and zirconium oxide,
magnesium and titanium alloy, aluminum oxide and titanium alloy,
magnesium and ferrous alloy, magnesium and cobalt-chromium-
molybdenum alloy, aluminum oxide and ferrous alloy, respectively.
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other is in the region where the system is in an almost pure
mixed state at low frequency. Both examples show that the
order parameter increases as the frequency increases, which
means quantitatively that the system becomes more segre-
gated as the frequency increases. In the case of a high density
ratio �circles in Fig. 3�, the order parameter will remain al-
most 1 for a certain range at high frequency �over 58 Hz�,
which can be referred to as the PSS, and turn to an approxi-
mate linear variation range at low frequency, which can be
referred to as the LMS. In the case of a low density ratio
�squares in Fig. 3�, the order parameter is almost 0 for certain
range at low frequency �below 35 Hz�, which can be referred
to as the CMS, and turns to an approximately linear variation
range at high frequency. The saturated characteristic of the
order parameter in Fig. 3 is used to define the boundary
between the LMS and PSS, because there is a turning point
between the two states. Similarly, the other turning point at
the order parameter near zero is used to determine the bound-
ary between the LMS and CMS.

To give a comprehensive understanding of the segrega-
tion, we plot a schematic phase diagram in �-f space for two
kinds of combinations of lighter and heavier particles in Fig.
4, which is determined by definition of the previous para-
graph. The solid lines in Fig. 4 show the boundaries either
between the LMS and CMS or between the LMS and PSS
for the mixture of aluminum oxide and cobalt-chromium-
molybdenum alloy particles which has a larger density ratio
�h /�l=6.39. In Fig. 4, we can see that the PSS appears in the
high-frequency and high-acceleration region and the CMS in
the low-frequency and low-acceleration region. The LMS
can be considered as a crossover region in between the PSS
and CMS at moderate frequency and acceleration. In general,
the higher the frequency and the larger the acceleration, the
better the segregation. As the density ratio varies, the bound-
aries also change. The dashed lines in Fig. 4 show the bound-
aries either between the LMS and CMS or between the LMS
and PSS for aluminum oxide and titanium alloy particles
which has a smaller density ratio �h /�l=3.40. We can find
that both boundaries shift to high frequency as the density

ratio decreases, while they change little with acceleration
amplitude. There are other two special states in the diagram;
i.e., the intense throwing state occurs at low frequency and
high acceleration and the weak vibration state occurs at very
low acceleration ���1.2� �25�, the boundaries of both of
which are almost unchanged with the density ratio.

In Fig. 5, the schematic phase diagram in �-�h /�l space is
plotted. The solid line is the boundaries for the fixed fre-
quency f =90 Hz. We can easily find that the PSS appears at
larger �h /�l and higher � and the CMS at smaller �h /�l and
lower �. Again the LMS occurs in between them as a tran-
sition state, and the state at the upper right is segregated
better than that at the lower left. When the vibration fre-
quency decreases, as shown by the dashed line in Fig. 5, both
boundaries shift to a larger density range, while they change
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FIG. 3. Order parameter 2hl /h as a function of frequency for
two kinds of granular binary mixtures at fixed �. The circles are for
the mixture of aluminum oxide and cobalt-chromium-molybdenum
alloy particles at �=6.0 and the squares for that of aluminum oxide
and titanium alloy particles at �=4.0, respectively.
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FIG. 4. Schematic phase diagram in � versus f space. The
boundaries either between the LMS and CMS or between the LMS
and PSS for the mixture of aluminum oxide and cobalt-chromium-
molybdenum alloy particles �aluminum oxide and titanium alloy
particles� are shown by solid �dashed� lines. The other boundaries
are shown by dotted lines, which are almost unchanged for different
combinations of particles.
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FIG. 5. Schematic phase diagram in � versus �h /�l space. The
boundaries either between the LMS and CMS or between the LMS
and PSS for the vibration frequency f =90 Hz �f =60 Hz� are shown
by solid �dashed� lines. The other boundary is shown by dotted line.
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little with acceleration amplitude. In this diagram, the weak
vibration state also exists at very low acceleration ���1.2�,
while the intense throwing state does not appear because the
frequency is fixed at a relatively high value.

We have experimentally investigated the vertically vi-
brated binary granular mixtures with the same size but dif-
ferent density. The results show that a partially segregated
state exists in the regions of moderate density difference and
strength of vibration. In the partially segregated state, lighter
particles tend to rise and form a pure layer on the top of the
system, while the heavier particles and some of the lighter
ones stay at the bottom and form a mixed layer. The thick-
ness of the pure top layer increases as the density ratio in-

creases. The ratio of the thickness of the pure top layer to
that of the whole system can be defined as an order param-
eter, which describes the degree of the segregation quantita-
tively and can be measured in experiment. We have shown
that this order parameter was useful in the investigation of
the segregation. As an example, we studied the variation of
the order parameter for many combinations of lighter and
heavier particles, and found that the order parameter depends
only on their density ratio. The dependence of the segrega-
tion on the vibration frequency was also studied by use of
this order parameter. Finally, the typical schematic phase dia-
grams in �-f space and �-�h /�l space are given.

�1� H. M. Jaeger, S. R. Nagel, and R. P. Behringer, Rev. Mod.
Phys. 68, 1259 �1996�.

�2� J. Duran, Sand, Power, and Grains �Springer, New York,
1996�.

�3� C. S. Campbell, Annu. Rev. Fluid Mech. 22, 57 �1990�.
�4� I. Goldhirsch, Chaos 9, 659 �1999�.
�5� D. M. Mueth, G. F. Debregeas, G. S. Karczmar, P. J. Eng, S. R.

Nagel, and H. M. Jaeger, Nature �London� 406, 385 �2000�.
�6� R. M. Nedderman and C. Laohakul, Powder Technol. 25, 91

�1980�.
�7� J. C. Williams, Powder Technol. 15, 245 �1976�.
�8� L. T. Fan, Y. M. Chen, and F. S. Lai, Powder Technol. 61, 255

�1990�.
�9� J. Bridgwater, Powder Technol. 15, 215 �1976�.

�10� C. F. Harwood, Powder Technol. 16, 151 �1977�.
�11� A. Rosato, K. J. Strandburg, F. Prinz, and R. H. Swendsen,

Phys. Rev. Lett. 58, 1038 �1987�.
�12� H. M. Jaeger and S. R. Nagel, Science 255, 1523 �1992�.
�13� A. Kudrolli, Rep. Prog. Phys. 67, 209 �2004�.
�14� H. M. Jaeger, C. H. Liu, and S. R. Nagel, Phys. Rev. Lett. 62,

40 �1989�.

�15� J. Rajchenbach, Phys. Rev. Lett. 65, 2221 �1990�.
�16� M. Bretz, J. B. Cunningham, P. L. Kurczynski, and F. Nori,

Phys. Rev. Lett. 69, 2431 �1992�.
�17� M. Bursik, A. Patra, E. B. Pitman, C. Nichita, J. L. Macias, R.

Saucedo, and O. Girina, Rep. Prog. Phys. 68, 271 �2005�.
�18� D. C. Hong, P. V. Quinn, and S. Luding, Phys. Rev. Lett. 86,

3423 �2001�.
�19� J. A. Both and D. C. Hong, Phys. Rev. Lett. 88, 124301

�2002�.
�20� J. R. Johanson, Chem. Eng. �Rugby, U.K.� 85, 183 �1978�.
�21� S. S. Hsiau and M. L. Hunt, Acta Mech. 114, 121 �1996�.
�22� S. S. Hsiau and H. Y. Yu, Powder Technol. 93, 83 �1997�.
�23� M. E. Mobius, B. E. Lauderdale, S. R. Nagel, and H. M. Jae-

ger, Nature �London� 414, 270 �2001�.
�24� X. Yan, Q. Shi, M. Hou, K. Lu, and C. K. Chan, Phys. Rev.

Lett. 91, 014302 �2003�.
�25� N. Burtally, P. J. King, and M. R. Swift, Science 295, 1877

�2002�.
�26� P. Biswas, P. Sanchez, M. R. Swift, and P. J. King, Phys. Rev.

E 68, 050301�R� �2003�.

SHI et al. PHYSICAL REVIEW E 75, 061302 �2007�

061302-4


