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Diffusion of colloidal particles in model porous media
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Using video microscopy and simulations, we study the long-time diffusion of colloidal tracers in a wide
range of model porous media composed of frozen colloidal matrices with different structures. We found that the
diffusion coefficient of a tracer can be quantitatively determined by the structures of porous media. In particular,
a universal scaling relation exists between the dimensionless diffusion coefficient of the tracer and the structural
entropy of the system. This universal scaling relation is an extension of the scaling law previously discovered for

the diffusion of colloidal particles in fluctuating media.
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I. INTRODUCTION

Diffusion in porous media is ubiquitous in nature and
is of broad scientific and technological importance in fields
ranging from drug delivery [1-6], water filtration [7-11],
DNA separation [12-20], solar cell production [21-23], to oil
and gas exploration and storage [24-27]. In porous media,
the solid matrix impedes the free diffusion of microparti-
cles or molecules confined inside. The diffusive transport of
mass in porous media is then affected by the degree of con-
finement, the microscopic structures of the matrix, and the
particle-matrix interactions. The details of these factors are
not always experimentally obtainable and may vary greatly
between systems. As a result, a quantitative general under-
standing of diffusion in porous media is still lacking despite
numerous studies on this phenomenon in a wide range of
scenarios [28—44].

On the other hand, diffusions in thermally fluctuating me-
dia are relatively well understood. For the dilute case, the
diffusion of a colloidal particle in a Newtonian fluid can
be accurately described by the Stokes-Einstein relations. In
medium or higher concentrations and with more complex
structures, diverse scaling laws between the diffusion co-
efficient of a tagged particle and the structural entropy of
the fluctuating fluid have been proposed [45-58] and ex-
perimentally tested [59-63]. More recently, Ning et al. [64]
proposed and validated a universal scaling relation in colloidal
systems with a wider range of fluctuating media including
both disordered and ordered structures. The normalized dif-
fusion coefficient D* of the tracer is related to the two-body
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structural entropy S, by
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with kgT as the thermal energy, I as the Enskog collision
frequency, d; as the tracer diameter, &g as the Enskog binary
collision friction, & as the Stokes friction from the solvent,
and A as the only fitting parameter. When & = 0, Eq. (1)
reduces to the scaling relation for molecular systems [51].
This universal scaling relation identifies the key factors af-
fecting the diffusion dynamics in complex environments and
is generally applicable in a wide range of fluctuating media.
Additionally, an amount of work has been devoted to examin-
ing the validity of the diffusion scaling law in fluids confined
under regular geometry [65-72]. However, the corresponding
experimental study is quite rare, mainly due to the difficulty
in measuring the structural entropy in such systems.

With the success of the universal scaling law for diffusion
in thermally fluctuating environment, an interesting question
is whether similar universal relation exists for porous media
whose structures are frozen. A straightforward generalization
of the scaling relation from fluctuating environment to porous
media is not obvious as the porous media differ from the
fluctuating environment in several important aspects. First,
the microscopic collision kinetics between the tracer and the
media elements are fundamentally different for the immo-
bile porous media and fluctuating backgrounds. Second, both
static and dynamical structures of the frozen and fluctuating
media are different. The structures of frozen media are fixed
with inhomogeneities that do not relax over time, whereas the
structures of thermally fluctuating media are in thermal equi-
librium, thus, more homogeneous. Structural heterogeneity
and the absence of structural relaxation in frozen media may
lead to more heterogeneous diffusion patterns for the tracer
particles. For example, in the frozen media a gap smaller
than the particles size permanently forbids a particle from
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passing through, whereas in fluctuating media, there exist
a nontrivial probability that thermal fluctuations may widen
the gap to allow such diffusion path to take place. Third, it
is difficult to determine the structural entropy in the porous
media. Structural entropy is derived from the spatial correla-
tions in pointlike systems, whereas many real porous media
consist of irregular building blocks with complex connections
that cannot be easily treated as point patterns. Therefore, it
is not immediately clear that the diffusion scaling law in ther-
mally fluctuating media is directly applicable in frozen porous
environments.

In this paper, by means of experiments and simulations,
we systematically study the diffusion coefficients of colloidal
tracers in model porous media formed by immobile colloidal
particles. Both experiments and simulations are performed
in hexagonal and disordered backgrounds with additional
simulations in quasicrystalline and square lattices. We si-
multaneously measure the tracer diffusion coefficient and
the two-body structure entropy of the system with different
structures and densities. Remarkably, we find that the tracer
diffusion coefficients can still be quantitatively related to the
two-body structure entropy through the scaling relation of
Eq. (1) with a minimal modification by considering the mass
of the frozen constituent element to be infinite. This finding
establishes the diffusion-structure relation in porous media
that can be quantitatively applied to diffusions in a wide range
of situations.

II. EXPERIMENTS AND SIMULATIONS

The experiments are performed in a quasi-two-dimensional
(2D) configuration using a bidisperse aqueous solution of
polystyrene (PS) particles hermetically sealed between two
coverslips. The porous background is modeled by a matrix
of large polystyrene particles (diameter ¢; = 1.0 um) fixed
in regions where the separation between the coverslips is
less than the effective diameter of the large PS spheres. The
structure of the background is thus frozen with no structural
relaxations during the experiments. The ordered matrices are
formed by shearing the colloidal suspension during the sam-
ple preparation and later rendered immobile by the confining
glass walls. The small colloidal particles (diameters d; = 0.35
or 0.56 um), on the other hand, are allowed to diffuse in
these regions as the wall separation is significantly greater
than the particle diameter [73,74]. The large PS particles
that form the background are strongly negatively charged by
sulfonation [75]; the strong repulsion between these particles
creates interparticle gaps wide enough for the small particles
to diffuse through. To minimize the correlations between the
diffusing tracers, the number density of the small particles is
kept low with the average tracer density ~0.0015 m~2. The
images of the samples are acquired using bright field video
microscopy with an oil-immersed x 100 objective at 55 fps.
During the experiments, the focal plane is kept near the center
of the large PS spheres, and the tracer particles fluctuate near
the focal plane due to their smaller sizes. Figure 1 shows the
snapshots in experiments with different porous matrices. The
positions of the particles are extracted using particle tracking
techniques [76]. The frozen matrix particles and the diffusing
tracers are differentiated based on their integrated brightness.

FIG. 1. Snapshots of tracer particles diffusing in frozen matrices
with (a)—(c) disordered structures and (d) a crystalline structure,
formed by large strongly charged PS particles. The large bright
particles are the frozen PS particles, and the small ones marked by
red circles are the free tracer particles.

In simulations, the porous media consists of 1600 large
particles frozen in a 2D box with periodic boundary condi-
tions. We consider four different structures of frozen matrices,
including a disordered structure, a square lattice, a hexagonal
lattice, and a quasicrystal in which the small tracer particle
diffuses as sketched in Fig. 2. The diameter of the tracer
particle ds is 1/4 of that of the fixed matrix particle d; =
2.0. The interaction between the tracer and the frozen matrix
particles is described by the repulsive Lennard-Jones type
potential U(r) = 46[(%)2” —(2)"1+¢€, r <2Y"c with the
interaction intensity € = 1.0 equal to the thermal energy kzT
and the interaction diameter o = (d; + dy)/2. In simulations,
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FIG. 2. Schematics of the tracer particle diffusing in (a) the dis-
ordered, (b) the square lattice, (c) the hexagonal lattice, and (d) the
quasi-crystal solid matrices. The large black and small red circles
represent the frozen particles of the porous media and the tracer
particle, respectively.
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FIG. 3. The MSDs of the small tracer particles in (a) experiments
and in (b) simulations, and the g(r) of the large matrix particles
with respect to the free tracer in experiments (c) and in simulations
(d) in different porous media. The solid lines in (a) are the best fit to
(Ar%(t)) = 4Dt at long times. The numbers in the legend refer to the
packing fractions of the large matrix particles.

the potential stiffness n =2 and n = 6 are both employed
to verify the robustness of the simulation results, and the
packing fraction of the large frozen particles varies widely to
achieve a large range of structural entropy. The dynamics of
the tracer particle in the frozen porous media is described by
the overdamped Langevin equation,

yr=-=VU(r)+ 1. )

Here, y is the translational friction coefficient of the probe
particle, and n refers to the Gaussian distributed stochastic
force with (5(r)) = 0 and (9, (1)np(t')) = 2kgTySapd(t —1t').
The equation of motion is integrated with the time step At =

10_31 /msdl2 /€. Here, mg = 1 represents the mass of the tracer
particle.

III. RESULTS AND DISCUSSIONS

A. Tracer dynamics and structural entropy

In both experiments and simulations, the tracer dynam-
ics are characterized by the long-time diffusion coefficient
D, extracted from the mean square displacements (MSDs)
(AY2(1)) = ([r(ty + 1) — r(ty)]*) of the tracers at long times
where the (- - - ) represents the ensemble average. Figure 3(a)
shows the log-log plot of the MSDs of the probe particles
as a function of delay time ¢ in the fixed media in exper-
iments at two different packing fractions 0.011 and 0.056.
The packing fractions are calculated from the hydrodynamic
diameter and number density of the background particles.
The long-time diffusion coefficient D is obtained by linearly
fitting the MSD curves at long times with (Ar?(t)) = 4Dt.
Typical tracer MSDs from simulations are plotted in Fig. 3(b)
at slightly higher packing fractions of the matrix particles
than those in the experiments. The long-time diffusion coef-
ficient in simulations is obtained in the same way as in the
experiments.

The structure of the system is characterized by the struc-
tural entropy of the system. The structural entropy, which is
also known as the excess entropy, is the entropy difference
between a many-body system and the ideal gas under equiv-
alent conditions due to structural correlations. In principle,
all positional correlations (including two-body, three-body,
four-body...(N — 1)-body correlations) should be taken into
account when evaluating the structural entropy. In practice,
however, two-body correlation, thus, S, contributes more than
85% of the total structural entropy in a wide range of density
[77], which is employed in our experiments and simulations.
Thus, the structural entropy for the tracer in the matrix can be
obtained from the measured pair correlations function g(r) of
the matrix particles with respect to the diffusing tracer, using
the following formula:

Sy = —7110/0 {&MIn[g(r)] — [g(r) = 1l}rdr,  (3)

as in the fluctuating environment [59-61,64]. Here, p is the
mean number density of the background particles. The pair
correlation function g(r) is the relative probability of finding
another particle at the distance r from a reference particle
[78,79], and g(r) measured from the perspective of the tracer
particles can be expressed as

1 [1 &
8(r) = %<E Z;S(r — rij)>. 4)

i

Here, N; and N, represent the total number of tracer particles
and background large particles, respectively, and 7;; is the
distance between the tracer particle i and the background
particle j.

Figure 3(c) plots g(r) at different packing fractions of
the frozen matrix in experiments. As the packing fraction
increases, the position of the first peak of g(r) shifts to lower
values. And at the highest density, g(r) exhibits periodic
features as the background media become crystalline. g(r)
measured in different background structures in simulations
are plotted in Fig. 3(d). In the experiments, S, decreases with
the particle density for disordered backgrounds. And in the
crystalline backgrounds, S, depends primarily on the lattice
quality as the lattice constant varies over a small range. In
the simulations, the lattices constant of crystalline media are
systematically varied, the S, increases with the lattice spacing
due to the lower particle density at larger lattice constants.

B. Correlations between diffusion dynamics
and structural entropy

To compare the tracer diffusion coefficients measured in
different backgrounds, we follow previous works to normalize
the diffusion coefficients by D* = DI'~'d, 2, rendering them
dimensionless [64]. Here, I is the Enskog collision frequency
between the tracer and the frozen large particles in the 2D
system and is calculated by [61,64]

I' =20 pg(o)\/ksT /m, )

where o refers to the position of the first peak of g(r) and
m = 2mgm; /(mg + my) is the reduced mass of the tracer parti-
cle with mg and m; separately representing the masses of the
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FIG. 4. The dimensionless diffusion coefficient D* of the tracers
as a function of the two-body structural entropy in porous media. The
symbols in (a) are the measured D* in experiments with different
combinations of tracer sizes and matrix structures. The symbols
in (b) represent the measured D* in four different matrix struc-
tures in simulations, including the disordered, the square lattice, the
hexagonal lattice, and the quasicrystalline lattice. The red solid lines
represent the fit to the data using Eq. (1) with I', &g, and &g obtained
from independent calculations.

tracer and the fixed background particle. As the background
particles are fixed, they can be considered as part of a rigid
body which includes all the background particles and the glass
slides. Therefore, the collision between the tracer particle and
the fixed background particle can be well approximated by
collisions between the tracer and a rigid body with infinite
mass. By taking the mass of the matrix particles in the frozen
background to be m; = oo, the reduced mass for collisions
becomes m = 2mj.

Figure 4(a) plots the normalized diffusion coefficients D*
of tracers of two different sizes as functions of S, in ordered
and disordered backgrounds in experiments. All the data from
frozen media collapse onto a single master curve as in the case
of the fluctuating environments [64], which clearly suggests
that there exists a universal relation between the diffusion
dynamics and the structural entropy in the porous media,
insensitive to the specific tracer type or the structural details
of the media. Remarkably, a good quantitative agreement is
reached between the experimental data and the theory when
Eq. (1) is applied to the measured D* and S, in Fig. 4(a).
The red solid line is the theoretically predicted dimensionless
diffusion coefficient as a function of S,, which overlaps with
experimental data over several decades of D*. This univer-
sal scaling relation is further confirmed by simulations with
more matrix structures, including disordered, hexagonal lat-
tice, square lattice, and quasicrystalline structures. Figure 4(b)
plots the dimensionless diffusion coefficient as a function of
S, in different matrices in simulations. Similar to experiments,
all simulation data collapse to a master curve, and quantitative
agreement with Eq. (1) is observed over several orders of
magnitude. We note that when comparing the experimental

or simulation results to Eq. (1), the I and &g are evaluated by
setting the mass of the frozen background particles to infinity.
The good agreement between the theory and the measured
diffusion coefficients suggests that this assumption is practi-
cally reasonable for the model porous media. These results
unambiguously show that the tracer diffusion coefficient in
porous media is determined by the structural entropy, and
the dynamics-structure relation is essentially the same in both
thermally fluctuating media and frozen porous media with a
small modification to the mass of the media elements.

We note that the normalized diffusion coefficients mea-
sured in the frozen media are significantly lower than those
observed in fluctuating media as reported in Ref. [64]. These
differences may be attributed to the composition of the two
systems, including the tracer sizes and the chemical properties
of the particles. The tracer dynamics is further slowed down
in the frozen media from the lack of structural relaxations of
the background, which limits the number of available paths of
diffusion.

IV. CONCLUSIONS

To summarize, we study the long-time diffusion dynamics
of tracers particles in model porous media composed of frozen
colloidal particles in 2D, using microscopy experiments and
computer simulations. The normalized diffusion coefficient of
the tracers is uniquely determined by the structural entropy of
the system for a wide range of structure and density of the
porous media, thus, establishing a universal scaling relation
between diffusion dynamics and system structure. This uni-
versal scaling law is reminiscent of the previously discovered
scaling relation in fluctuating colloidal matrices, despite the
qualitative differences between the two types of media. In
particular, the functional forms of the two scaling relations
become identical when the mass of the particles in the frozen
matrix is set to infinity. Thus, the present paper significantly
extends the universal relation between diffusing dynamics and
system structures from thermal media to frozen media and
allows quantitative prediction, control, and design of diffu-
sions in frozen media. Our finding constitutes an important
step towards a general and quantitative diffusion-structure re-
lation in real porous media where the determination of system
structural entropy beyond pointlike patterns remains an open
question.
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