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Modeling Bacterial Flow Field with Regularized Singularities
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The flow field generated by a swimming bacterium serves as a fundamental building block for understanding

hydrodynamic interactions between bacteria. Although the flow field generated by a force dipole (stresslet) well
captures the fluid motion in the far field limit, the stresslet description does not work in the near-field limit,

which can be important in microswimmer interactions. Here we propose the model combining an anisotropically

regularized stresslet with an isotropically regularized source dipole, and it nicely reproduces the flow field around
a swimming bacterium, which is validated by the experimental measurements of the flow field around E. coli

and our boundary-element-method simulations of a helical microswimmer, in both cases of the free space and

the confined space with a no-slip wall. This work provides a practical tool for obtaining the flow field of the
bacterium, and can be utilised to study the collective responses of bacteria in dense suspensions.

DOLI: 10.1088/0256-307X/43/5/050901

During the swimming process, a bacterium can gen-
erate a flow field in the surrounding fluid, which medi-
ates its interactions with passive particles, other bacteria,
etc..['"% To formulate this flow field, continuous efforts
have been dedicated for decades. In the far field limit, the
flow has been well-resolved and described as that gener-
ated by a force dipole, i.e., stresslet. [0~
approaching the cell body of the bacterium, the above

8l However, when

stresslet description would fail, [o-11] primarily due to the
finite size effect of the cell body, '>'?! and this renders the
difficulties in discussing the flow field close to a bacterium
and the hydrodynamic interactions between bacteria oc-
curring at close distances. [14-16]

The above-mentioned need to understand the near-
field hydrodynamics of bacteria has motivated sustained
theoretical attempts,[”*w] where the flow regularization
method is taken as a promising candidate. Regulariza-
tion, a mathematical technique that replaces singular solu-
tions in hydrodynamic computations with smooth analyt-
ical functions, prevents the flow field from diverging near
the singularity points and facilitates approachable numer-
ical computations. [20] For example, a regularized Stokeslet
is usually implemented by replacing the point force, specif-
ically a Dirac delta function, with a smooth function (blob
function) of certain geometry and characteristic length
scale, and it has been widely utilised for modeling ciliary
and flagellar flows. ?'24 For the flow field generated by a
microswimmer, the description based on regularized singu-
larities remains underexplored. This is partly because the
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flow field generated by a swimming microorganism—even
one as simple as a bacterium—is typically complex, owing
to its irregular geometry and intricate swimming mecha-
nism. Despite some initial but meaningful efforts, such
as representing the flow field by combining a regularized
stresslet and rotlet dipole, (251 yntil now, these theoretical
attempts do not quantitatively capture the experimentally
observed near-field flow structure, which is essential for
determining bacterial hydrodynamic interaction in dense
suspension. Moreover, most of the current regularization
methods use isotropic blob functions, which are inherently
unable to account for the anisotropy of the bacterial body
and to capture the accurate near-body flow.

In this work, we develop an anisotropic regularization
scheme to resolve the flow field of a swimming bacterium.
By comparing with the experiments in Ref. [10] and our
Boundary Element Method (BEM) simulations, we show
that the flow field near a swimming E. coli bacterium can
be accurately described as that generated by an anisotrop-
ically regularized stresslet and an isotropically regularized
source dipole. This description quantitatively captures the
radial flows in both the far-field and near-field limit, and
also in both cases of the free space and the confined space
with a no-slip wall.

Theoretical Model. Consider a bacterium whose body
center is located at the origin and the body axis is ori-
ented along +x, as shown in Fig. 1, and then the flow field
generated by the bacterium can be modelled as a super-
position of the flow fields generated by an anisotropically
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Fig. 1. The theoretical setup, with the ARS (anisotropi-
cally regularized stresslet) placed between the cell body and
the flagellar bundle, and the IRSD (isotropically regularized
source dipole) placed at the center of the cell body. The
director of bacterium, q, is set along the +z.

regularized stresslet (ARS) and an isotropically regular-
ized source dipole (IRSD). Note the anisotropy introduced
in ARS can help to characterize the flow field induced by
non-spherical shape of the swimmer.

The flow field generated by the ARS, uARS(r), is con-
structed as:

uS(r) = =D : VG. 4(r), (1)

where D = D - qq denotes stresslet, and G q(r) denotes
the Green function relating the flow field with a regular-
ized Stokeslet, which can be obtained by solving the Stokes
equation, Vp — uV?u = Ff. 4(r) with p as the pressure,
w the viscosity, F' the force, and f. q(7) representing the
anisotropic Gaussian blob. '8! Specifically, the anisotropic
Gaussian blob function, f. q(r), is taken as

2 2
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Jealr) = exp(—%-3), @
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where the distance ry = |g - 7| and r1. = |r — r|q|, and

€| and €1 are two regularization parameters along and
perpendicular to the body axis oriented in the direction
q, respectively. For a regularized stresslet (located at the
origin), the regularization parameters generally correspond
to the distance at which the flow velocities u.(z,0,0) and
uy(0,y,0) reach their extrema along z- and y-axes, respec-
tively [see more details in Supplementary Material (SM)].

Meanwhile, the flow field generated by the isotropi-
cally regularized source dipole (IRSD), w'®5P (), is con-
structed from a regularized source monopole. The flow
field by a source monopole can be expressed in the form
of the gradient of a potential function: Vi (r),*®! with
the potential function 1 determined by the blob fx(r), as
Ua(r) = - [ ﬁfx(r') dr’. By taking the Gaussian

blob fi(r) = ﬁef’g/xz, we can obtain the analytical
form of the potential function,
1 T
a(r) = —merf(x). (3)

Then the flow field generated by IRSD is given by
w0 (r) = —d - Vs (r), (4)

where d = d - g denotes the source dipole.

Then, the entire flow field in the laboratory frame is
given by the superposition of the above two flow field gen-
erated by the ARS and IRSD. For simplicity, we set g as
+xz-direction. Since the center of the cell body is located

at the origin and flagellar bundle extends to = < 0, ARS
center is placed at ra = (=1, 0,0), as shown in Fig. 1. Be-
cause IRSD enforces no-slip condition at the two ends of
the long axis of the cell body, which is symmetric regarding
the origin, its center coincides with the geometric center
of the cell body. Therefore, the entire flow field is given by

u(r) = u (e —ra) + ™ (r). (5)
Note that since the regularization does not alter the far-
field behavior of singularity solutions, the strength of both
the stresslet D and the source dipole d are defined in
the same fashion as those in the case without regulariza-
tion. For readers familiar with the squirmer model, 2773 4
higher-order multipole summation is usually needed for ac-
curately capturing the flow field near the cell body, which
is computationally heavy.

Comparisons with Ezxperiments and Sitmulations. We
compare the theoretical results obtained by the above
model with both the experiments on E. coli™®! and our
BEM simulations. In BEM simulations, the bacterial body
is simplified as a sphere of 1 um radius and the flagellar
bundle is represented by a helical tail of 10 pm length in the
swimming direction (x direction), and one can refer to SM
for more details. The comparisons are focused on the axial
velocity along the +z-axis, uz(z,0,0) (z > 1 um), and the
lateral velocity along the +y-axis, uy(0,y,0) (y > 1um),
where 1 pum is chosen due to the fact that the size of the
cell body in BEM simulations is 1 um. These velocities
are referred to as the head and side velocities in following
discussions, respectively. We shall discuss the flow fields
generated by the bacterium in both the free space and the
confined space with a no-slip wall.

In the free space, both the experimental and BEM
results are accurately captured by the theoretical predic-
tions using the parameter set {D = 1pN-pm, [ = 1.6 um,
gl = lum, e; = 1.36 um, d = 140 um?/s, A = 0.7 um}.
Note that the parameter D and [ have explicit physical
correspondence, which are the stresslet strength %31 and
half body length?>34 of E. coli, respectively. Thus, the
primary fitting parameters in our system are the regular-
ization lengths of the stresslet, i.e., {¢), e1}. Since ¢ and
€1 are highly coupled, we fix ¢y = 1um and fit only €1
(correlated with the body geometry, see SM) throughout
this work. In the secondary fitting step, the IRSD is in-
troduced to better capture the surface flow velocity in the
z-direction and to “fine-tune” the region within ~1 body
length from the cell, and the parameters, {d, A}, are fitted
independently. This sequential fitting procedure avoids
overfitting of the system.

The pattern of the flow field in the zy-plane, calcu-
lated by the model, is provided in Fig.2(a). In the far
field limit, the flow velocity decays in the form of ocr =2 as
shown in in Fig. 2(b), same as that by a singular stresslet.
This is due to the fast decay of the flow field given by
IRSD, which is in the form of ocr 2, and the effect of IRSD
then becomes negligble in the far field limit. In the near
field limit, the model captures two main features observed
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Fig. 2.

the in-plane flow velocity |u| = 4/u2 +u2.
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(a) Entire flow field (ARS + ISRD) given by the model in the free space. Colorbar indicates the magnitude of
Flow field of a stresslet of the same strength as the ARS is presented in the

inset. ARS: anisotropically regularized stresslet, IRSD: isotropically regularized source dipole. (b) The head and side flow
profile |ug (z,0,0)| (red) and |uy (0, y, 0)| (blue). Experimental measurements are represented by dots, numerical simulations

by diamonds.

Theoretical predictions inside and outside the BEM cell body surface are shown as dashed and solid lines,

respectively. The fluid viscosity, 4 = 1 x 1072 Pas is used in calculations throughout this work.
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Fig. 3.
the in-plane flow velocity:
and |uy(0,y,0)|.

(a) fu] =

\/u2 +u2 and (b) |u| =

Experimental measurements are represented by dots, numerical simulations by diamonds.

r (pm)

v/u2 +u2. (c) The head and side flow profile |ug(z,0,0)|
Theoretical

predictions inside and outside the BEM cell body surface are shown as dashed and solid lines, respectively. The inset shows

the side flow profile uy (0, y,0) around the inversion point.
in experiments and BEM simulations: (a) the head flow
profile, us(z,0,0), decays monotonically and the swim-
ming speed is close to that obtained in BEM simula-
tions, 11.8 um/s; (b) the side flow profile, u,(0,y,0), has
an initial increase followed by a decrease in the form of
xr~2, and the flow speed approaches zero at the surface
y = 1 pm, due to the flow inversion induced by the stresslet
center offset 1.

Then we generalise the comparisons to the case in the
confined space with a no-slip wall, where the wall confine-
ment is important in changing the flow field. >?% Theo-
retically, we need to calculate the flow field by consider-
ing the wall effect and by considering the contributions of
image systems: [37,38]

Wl () = ©)
Wl (r) = S 4 D, Y

The image system of ARS is derived by anisotropically reg-
ularizing the Blake tensor and the image system of IRSD is
derived based on the image system of an isotropically reg-
ularized source monopole (see SM for more details). To
compute the flow field near the wall in BEM simulations,
the bacterium is placed above a no-slip wall with the dis-
tance 2 um. All other settings are kept identical to those
in the case of the free space.

The flow field parallel to the surface (zy-plane) and
perpendicular to the surface (zz-plane) are shown in
Figs.3(a) and 3(b), respectively. The flow profiles along
The
flow field in the near field limit behaves similarly to that

the head and side directions are shown in Fig. 3(c).

in the free space, whereas the velocity decaying in the far
field limit follows the form of ocr = due to the no-slip wall.
Note that both the theoretical results and BEM simula-
tions show that the extremum of the side flow profile is
lower than that in the free space, whereas the experimen-
tal measurements show the opposite trend: the extremum
of the side flow profile being higher in the presence of
the wall.
flow field, which is usually described by a pair of oppo-

This discrepancy can originate from a spiral

site rotlets. 12539 Note that when comparing uy in Fig. 3,
we have removed the contribution of the rotlet dipole by
taking uy(0,y,0) = [uy(0,y,0) — uy,(0, —y,0)]/2 where uj,
denotes the raw flow field in BEM (see SM).

Summary.  We develop an analytical model for
describing the flow field generated by a swimming bac-
terium, in both the far field and the near field limit, based
on the combination of regularized singularities. The the-
oretical results are validated by comparisons with exper-
iments and our BEM simulations. The anisotropy intro-

duced in the model nicely captures the geometry of a bac-
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terium, and thus the flow field. The approach provides a
complementary view to the multipole expansion of mi-

4041 and can boost further in-

croswimmer flow fields
vestigations in flow fields generated by other microor-
ganisms.[9‘42’43] Moreover, the flow field predicted by the
model can be utilised to describe the hydrodynamic in-
teractions (forces and torques) between bacteria in dense
suspensions, which is important in determining the collec-
tive dynamics of bacteria, e.g., bacterial turbulence.
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