PHYSICAL REVIEW E 113, 055102 (2026)

Mesoscale simulation model for odd fluids

Yuxing Jiao®" and Mingcheng Yang ®
Beijing National Laboratory for Condensed Matter Physics and Laboratory of Soft Matter Physics,
Institute of Physics, Chinese Academy of Sciences, Beijing 100190, China
and School of Physical Sciences, University of Chinese Academy of Sciences, Beijing 100049, China

® (Received 23 November 2024; revised 29 May 2025; accepted 31 March 2026; published 5 May 2026)

A fluid with broken time-reversal symmetry would exhibit odd transport coefficients, such as odd viscosity,
thermal conductivity, and diffusion coefficient, which may fundamentally alter the fluid properties and signifi-
cantly influence the structure and dynamics of immersed objects. Here, we develop an efficient coarse-grained
simulation approach for the odd fluid that captures all essential features of real odd fluids. Based on microscopic
kinetic theory, we analytically derive the transport coefficients of the mesoscale odd fluid. We validate this ap-
proach by performing both simulations and theoretical calculations to explore the intricate transport phenomena
of the odd fluid under various external drivings. Furthermore, we demonstrate that colloidal particles in the odd

fluid exhibit unusual dynamic behavior.
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I. INTRODUCTION

In common fluids, the transport coefficient tensor, which
relates fluxes to drivings, is symmetric (even) under time
reversal, which is required by Onsager reciprocal relations
[1]. However, when time-reversal and parity symmetries of
a fluid are broken, its transport coefficient tensor is predicted
to contain additional antisymmetric parts that are odd under
time reversal. Launched six decades ago, the research on odd
fluids has now evolved into a field of broad interest. The study
of odd fluids encompasses a wide spectrum, spanning from
classical to quantum systems and from passive to active sys-
tems. The prominent examples include the appearance of odd
viscosity and thermal conductivity in polyatomic gases under
a magnetic field [2,3], odd viscosity in electron Hall systems
[4-7], odd diffusivity in charged particles in a magnetic field
[8-10], and odd viscosity and diffusivity in chiral active fluids
[11-18]. The odd transport coefficients can produce transverse
fluxes under longitudinal drivings and give rise to exotic phe-
nomena unattainable in common fluids [12,13,19-25].

Besides fundamentally changing the properties of the fluid
itself, the odd transport coefficients are expected to impor-
tantly influence the structure and dynamics of mesoscopic
objects immersed in the fluid. However, the study of such
odd complex fluids (composed of mesoscopic objects in odd
fluids) is rare and nontrivial because of its many-body char-
acter and the complex interplay between diverse interactions.
A few existing numerical works [17,19,21,24,26] based on
molecular-dynamics-type simulations mainly focused on a
single suspending object due to the computational bottleneck
arising from the drastic difference in time and length scales
between solvent and solute particles. In contrast, several
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coarse-grained fluid approaches have been well established
to simulate traditional complex fluids during the past few
decades, e.g., lattice Boltzmann method [27-29], dissipative
particle dynamics [30,31] and multiparticle collision dynam-
ics (MPC) [32-36]. The coarse-grained approaches extremely
speed up the simulations of traditional complex fluids and
have achieved considerable success. Hence, it is highly de-
sired to develop an efficient coarse-grained model for the odd
fluid, which is critical for exploring the emerging odd complex
fluids.

In this paper, by slightly generalizing the widely used
version of MPC, i.e., stochastic rotation dynamics (SRD),
we propose a coarse-grained odd fluid model, named chi-
ral stochastic rotation dynamics (CSRD), that has all odd
transport coefficients (odd viscosity, thermal conductivity and
diffusion coefficient). The CSRD retains all the advantages
of the conventional SRD, such as high efficiency, proper de-
scription of hydrodynamics, dissipation, thermal fluctuations,
and so on. The simplicity of the CSRD enables us to de-
rive analytical expressions for its transport coefficients. Using
simulations and continuum theory, we demonstrate that the
CSRD approach correctly captures the intriguing and intricate
transport behaviors of odd fluids. Moreover, we show that a
dilute odd colloidal suspension possesses unusual dynamics.

II. THE CSRD MODEL

Following the conventional SRD, the CSRD fluid is de-
scribed with a large number of point particles of mass m with
positions r;(¢) and velocities v;(t). For simplicity, we focus
on a two-dimensional (2D) CSRD fluid. Its dynamics consists
of alternating streaming and collision steps. In the streaming
step, each fluid particle (say, i) moves ballistically for a certain
time At:

ri(t + At) = rit) + vi(t)At. (1)

©2026 American Physical Society


https://orcid.org/0000-0003-1477-3584
https://orcid.org/0000-0002-8742-9277
https://ror.org/05cvf7v30
https://ror.org/05qbk4x57
https://crossmark.crossref.org/dialog/?doi=10.1103/gkct-3247&domain=pdf&date_stamp=2026-05-05
https://doi.org/10.1103/gkct-3247

YUXING JIAO AND MINGCHENG YANG

PHYSICAL REVIEW E 113, 055102 (2026)

(b)

c (a) 05
_g o6l ] | Relative Entropy — Maxwell
8 . ‘ 0.4 1x10'5 . i v,
3 018} \ reompmatrtodls ‘2& "
= SR 03 O HHEHHE % .
T 50 00 T o a4
© CSRD steps :: 0.2 0/x g k!
15 J
0.1 gﬁ? %’%‘
10
—Ideal gas g | -
5 1 CSRD 0f e
05 1 1.5 B 0 °
kT v

FIG. 1. (a) The evolution of H function in the CSRD simulation.
(b) The single-particle velocity distribution, where the symbols and
curve correspond to the simulation data and the Maxwellian distri-
bution, respectively. The inset is the vanishing relative entropy at
different 6: Dy (f(v)||feq(v)) = fdvf(v)ln [f(v)/ feq(v)], which
measures the difference between the joint velocity distribution and
its equilibrium counterpart. (c) Pressure as a function of temperature
with a fixed particle number density n. The triangles represent the
simulation results for five different 6 (0, 7 /4, 7w /2, 37 /4, ), which
coincide together and agree perfectly with the ideal gas equation of
state (solid line). In (a)—(c), w = 27 /3, n = 10, and At = 0.1; and
in (a), (b), kgT = 1 and 6 = 5/9. In simulations, all quantities are
nondimensionalized by setting m = 1, [ = 1, and the mean thermal
energy = 1.

In the collision step, the particles are sorted into cells of a
square lattice with a size [, and then their velocities relative to
the center-of-mass velocity of each cell are rotated around the
z axis by an angle «,

Vi(t + At) = vemi + R(@) - (vi(1) — Vem,i), 2

with ve,; =Y mv;/ ij the center-of-mass velocity of
the collision cell occupied by particle i (the summation runs
over all particles in this cell) and R(«) = cos ol — sin we the
rotation matrix (I and e are the rank-2 identity and Levi-Civita
tensors, respectively). To ensure Galilean invariance, the lat-
tice’s position is randomly shifted for each collision step [37].
For the SRD, the rotational angle is ¢ = €2, where 2 is ran-
domly taken as w or —w with equal probability (independently
for each cell); while, for the CSRD, o = Q + 6, where an
additional unidirectional constant rotation, 6, is implemented.
It is just the additional unidirectional rotation that breaks
the time-reversal and parity symmetries, thus allowing the
presence of odd transport coefficients that are lacking in the
conventional SRD. The role of the nonzero 6 is reminiscent
of that played by a constant external magnetic field in charged
particle systems. The 2D CSRD can be straightforwardly ex-
tended to 3D, where the rotation operation contains two parts:
rotation around a stochastic axis (as the traditional 3D SRD)
and rotation around a fixed axis (say, the z axis) to constantly
break the symmetries.

In addition to allowing the presence of odd transport co-
efficients, the CSRD fluid retains all other features of the
common SRD fluid, which is crucial to properly capture
hydrodynamic behavior. For instance, the CSRD locally con-
serves mass, momentum, and energy, and obeys the H theorem
as confirmed in Fig. 1(a), in which the H function, H(t) =
f dvf(v,t)In f(v, 1), with f(v, t) the single-particle velocity
distribution, decreases rapidly with time and converges to a
steady-state value. Without external perturbation, the CSRD

quickly evolves into an equilibrium state with a Maxwellian
velocity distribution, as shown in Fig. 1(b). Moreover, the
CSRD fluid satisfies an ideal gas equation of state owing to
the absence of potential interaction [Fig. 1(c)].

III. HYDRODYNAMIC THEORY
AND TRANSPORT COEFFICIENTS

The hydrodynamic equations of the CSRD fluid can be
derived via the microscopic kinetic theory [38] originally de-
veloped by Pooley and Yeomans for determining the transport
coefficients of the conventional SRD. In this approach, the
system is approximated to be in local equilibrium, with the
single-particle distribution being a function of local variables.
From the CSRD dynamics [Eqgs. (1) and (2)], the fluxes of con-
served quantities, including mass, momentum and energy, are
directly derived through lengthy calculations (see Appendixes
B and C). Note that both streaming and collision steps may
contribute to fluxes of the conserved quantities. The transport
coefficients can be extracted from the expressions of these
fluxes. And substituting the fluxes into the corresponding con-
servation equations separately yields the continuity equation,
Navier-Stokes equation, and heat conduction equation:

9 p + 0a(puqa) = 0,
0 (puy) + 8ﬂ(p“auﬁ) = 8;60'01[-3’

k
f[a,w) + 80 (pTue)] = Oupdpity + 0u(kapdsT), (3)

with p = mn(r, t) the local mass density (n the particle num-
ber density), u(r,t) the local fluid velocity, and T'(r, t) the
local temperature. Here, the stress tensor 0,4 and the thermal
conductivity tensor kqg take the forms

Oap = —PSap + [M(8apdpy + Savdpu — Sapduv)
+ £80p8,0 + MR (8 8py — Bavdpy)
+ No(€apdpy + €410ap)
— NA€apduy — NBSapEuv]0vity,

Kap =K8up + Koap, “)

with p the pressure.

In the stress tensor of Eq. (4), n refers to the shear viscosity,
¢ to the bulk viscosity, ng to the rotation-rotation viscosity, 1,
to the odd viscosity, 14 to the compression-rotation viscosity,
and np to the rotation-compression viscosity. Their physical
meanings can be clearly found, for instance, in Ref. [13].
Therein, n, ¢, and ng are even with respect to 6, while 7,
na, and np are odd. Additionally, the thermal conductivity
tensor also contains even (k) and odd (k,) components. With
the contributions separately from the streaming/kinetic (kin)
and collision (col) steps, these coefficients become

col

___kin 1. col _ 1 _ 1
n=n-"+3n", =30, nrR=31,
kin 1. col 1. col 1. col
No="1, +30,, Na=—3N,, NB=3N,,
K = Kkm + Kcol’ Ky = Kéﬂn 4 KOCOI. (5)
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Here, the kinetic and collisional contributions are analytically calculated as

1 — cos26 cos2w

nkin = nkBTAt|:

A—14+e*14cos2w(cos2w — 2cos20) 2

1], (6)

ne = %(A — 14 e™)(1 = cosbcosw), (6b)
. A in 20 2
7 — kT At sin 26 cos 2w , 60)
A—1+4+e*14cos2w(cos2w — 2cos20)
el = %(A —14e¢M)sinfcosw, (6d)
‘in k2T A 22[(r + 2 cosw) sin® £ + ((A — 2) cos w + 4 cos 2w cos? §) sin? § ] ]
K" = n-—At — L,
m A= 1){(A + 2cosw)? sin* 3+ [(A —2)(A — 1 — cos2w) cos w + 4(x — 1) cos 2w cos® %] sin? %}
(6e)
kp(h — 1
K = %(1 — c0s 6 cos ), (6f)
Kin klz;T . A2[(L —2)cos @ + 2 cos 2w cos O] sin O 69)
K = —Nn—- ’
¢ m 20— Df(r +2cosw)?sin* £ + [(A — 2)(A — 1 — cos 2w) cos w + 4(A — 1) cos 2w cos® § ] sin* £} g
kg(h — 1
g°‘ = M sin @ cos w, (6h)
6A2 At

with A = nl?> the mean number of particles per cell. The
molecular chaos assumption has been used for the calcula-
tion of viscosities and thermal conductivities. To analytically
obtain the thermal conductivities in Eqgs. (6e)—(6h), a large
density limit (A 3> 1) is employed. We point out that the
collisional odd thermal conductivity in Eq. (6h) does not result
from a theoretical derivation but an empirical construction,
since the molecular chaos hypothesis predicts a vanishing K;Ol,
as detailed in Appendix B.

From Egs. (3)—(5), the conservation equations of mass,
momentum, and energy can be written in a concise form

dp
— =—pV -u,
dr P
du o . )
p5=—Vp+nV u+foe-Vu,
dr 5
nkBE =0:Vu+«V-T, @)

where #) = " + ! and #, = nki" + n¢°l. We emphasize
that the additional unidirectional rotation (i.e., #) does not
produce a net torque on the fluid. Consequently, the anti-
symmetric hydrostatic stress is lacking in the CSRD fluid,
different from active spinner fluids that are powered by
nonzero torque and have nonvanishing antisymmetric stress
even in a quiescent situation [12,13,39].

Besides the viscosities and thermal conductivities, the self-
diffusion coefficients of the CSRD particles are also derived
through the same route. Herein, some particles are tagged,
such that the CSRD fluid is regarded as a binary mixture
(say, A and B) with their respective density fields pa (r, ) and
pg(r, t). The density fields evolve according to the isothermal
self-diffusion equation,

3tA,0 = aaDaﬂaﬁAps ®)

(

with Ap = ps — pp and Dyg = Déup + Dosap the self-
diffusion tensor. Based on the diffusive particle flux obtained
through the kinetic theory, the normal and odd self-diffusion
coefficients (D and D,) separately read

_ kgT At 2A(1 — coswcosh)
2m (A—1l4e*)(1 —2coswcosb + cos w)
kgT At
2m

_ —AkgT At cos wsin 6
T mh—14e*)(1 —2coswcosd + cos> )’

o ©))
Now, we perform simulations to confirm the existence of
odd transport coefficients in the CSRD fluid and to verify
the validity of the analytical expressions in Egs. (6) and (9)
(see Appendix A for the simulation details). In simulations,
a boundary-driven shear flow, thermal gradient, or concentra-
tion gradient is applied to the CSRD fluid, and the resulting
steady-state stress, heat flux, or particle flux is respectively
measured. Thus, the corresponding transport coefficients are
accurately quantified, as plotted in Fig. 2 that shows the pres-
ence of considerable odd transport coefficients. Remarkably,
the theoretical predictions based on the kinetic theory are in
good agreement with the simulation measurements (Fig. 2).

IV. ODD FLUID TRANSPORTATION

To see the effects of the odd transport coefficients, three
typical transport phenomena in odd fluids are investigated by
both simulation and hydrodynamic theory (simulation details
are provided in Appendix A).

The first example considers a fluid flowing through a chan-
nel with stick boundary walls, as sketched in Fig. 3(a). The
fluid is driven by a constant external force g and its temper-
ature remains fixed by scaling the particle thermal energy.
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FIG. 2. Viscosities (a), (b); thermal conductivities (c), (d); and self-diffusion coefficients (e) of the CSRD fluid as a function of the
additional rotation angle. The solid lines denote the theoretical results calculated from Eqs. (6) and (9), and the symbols are the simulation
measurements. Parameters: A = 10 in (a)—(d); A = 20 in (e); and w = 27 /3, At = 0.1, kyT = 1 in (a)—(e).

The simulations reveal that both common fluid (¢ = 0) and
odd fluid exhibit a Poiseuille flow profile [Fig. 3(a)] while,
unlike the common fluid, the density distribution of the odd
fluid is inhomogeneous across the channel and depends on
the odd viscosity of the fluid [Fig. 3(b)]. This finding is
consistent with our previous work on active spinner fluid
[12], where the odd viscosity has been proven to cause a
transverse Hall-like mass transport under a nonuniform shear.
Theoretically, combining Egs. (7) with boundary condition
u(y)ly=0,. =0, the solutions of density and velocity field

are given by p = pg, U, = %gy(L —y) for j, =0 and p =
@’;[;‘fl)e”, U, = y(lgf—ZfL)ﬁ[eVy — 1 — (e”* — 1)7] for nonzero

flo- Here, po denotes the mean mass density, L the channel
width, g = |g|, and y = ;’k;”ﬁ The theoretical calculations
perfectly reproduce the simulation results (see Fig. 3).

The other two examples are steady-state heat conduction
and self-diffusion of the odd fluid in a rectangular box of di-
mensions L, x Ly. Zero-flux boundary conditions are applied
to the left and right walls of the box, while the tempera-
tures (or the tagged-particle density p4) at the bottom and
top boundaries are fixed to different values for the case of

(a) 15 (b) 10.5

Uy

0.5

FIG. 3. (a) Velocity profile of the fluid flowing through a channel
composed of two nonslip walls and (b) the corresponding density
distribution across the channel. The symbols and lines, respectively,
denote the results from the CSRD simulations and hydrodynamic
theory where the transport coefficients in Egs. (6) are used. Different
symbols represent different 6 € {—57/9, 0, 57 /9}. System parame-
ters: w =2 /3, At =0.5,kgT =1, pp = 10, g = 0.01, and L = 20.

heat conduction (or self-diffusion). The simulations show that
the temperature and density distributions of the odd fluid
noticeably differ from the common fluid, as presented in
Fig. 4. Particularly, in contrast to the common fluids, the
isotherm (isodensity) lines of the odd fluids are not parallel
to the isothermal (isodensity) boundary (namely, the tem-
perature or density is not uniform in the x direction). This
behavior originates from the transverse heat or particle flux,
respectively, induced by the odd thermal conductivity or self-
diffusion coefficient. On the other hand, the continuum theory
based on Egs. (7) and (8) indicates that the steady-state tem-
perature and density fields both obey the Laplace equation,
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FIG. 4. Heat conduction of the odd fluid (a) and common fluid
(c) in a confined box, with kgT'|,—o = 0.94 and kgT|,—, = 1.06
imposed; self-diffusion of the odd fluid (b) and common fluid (d),
with psly—0 = 5.4 and p4|,—;, = 4.6. Here, the color maps represent
the temperature or density distribution, and the white lines are the
isotherms or isodensity lines. For comparison, both simulation and
theoretical results are given. System parameters: Ar = 0.1, A = 10,
w = 57 /6 for (a), (¢c); w = 27 /3 for (b), (d); and 6 = —57 /9 for the
odd fluid.
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V2¢ =0, with ¢ = T for the heat conduction and ¢ = p,
for the self-diffusion. With the zero-flux boundaries (k0,7 +
KoayT)|x:0,L, =0 or (D0 pa +Doa’pA)|x:0,Lx =0 and the
condition that the values of ¢|,—o;, keep fixed, the Laplace
equation is solved numerically. The theoretical results com-
pare well to the simulations (Fig. 4), with a relative deviation
below 2% (see Fig. 6 in Appendix A), highlighting the validity
of the CSRD in describing the transport behaviors of odd
fluids.

V. ODD COLLOIDAL SUSPENSION

Since the CSRD inherits all advantages of the traditional
SRD, it is immediately applicable to simulating suspensions
of diverse mesoscopic objects (e.g., colloids) by utilizing the
techniques well developed for the SRD. To demonstrate the
capability of the CSRD approach and the exotic behavior of
odd complex fluids, we simulate a passive colloidal particle
immersed in the odd fluid by applying a hybrid simulation
method.

A. Hybrid simulation method for colloidal particles in odd fluids

For the traditional SRD model, the suspensions of meso-
scopic objects are simulated by using the hybrid SRD-MD
(molecular dynamics) method [34]. This scheme can be
straightforwardly extended to our CSRD model. Therein,
the immersed objects and their interactions with the fluid
are described by the MD, while the fluid particles are
simulated by the CSRD. Without loss of generality, we em-
ploy the Weeks-Chandler-Andersen (WCA) potential, ¢(r) =
4e[(B)12 — (BYo + 11 for  r < 2V/°R, to model the interac-
tion between the CSRD particles and colloidal particle, with €
the interaction intensity and R the colloidal radius.

During the streaming step, the colloidal and CSRD parti-
cles evolve by solving the Newtonian equations of motion via
the velocity-Verlet algorithm with a time step dt = Ar/50:

ri(t +dt) =ri(t) + vi(t)dr + F'—(t)dtz
2m
P(t +d d Pt + S ar?
Pt +dt) =r"(t) +v" (1) t+2M1’ 1,
dt
v;(t +dt) =v;(t) + %(Fi(t) + Fi(t +dr)),

P — P At pp P
vP(t +dt) =vP@) + 2MP(F )+ FP(t +dt)),

where F; and F? refer to the force on fluid particle i and that
on the colloidal particle due to the WCA potential, and M?,
rP, and v? are the mass, position and velocity of the colloidal
particle, respectively. Actually, for most fluid particles that
are far away from the colloidal particle (i.e. F; = 0), their
streaming steps just reduce to Eq. (1). The CSRD collision
step remains unchanged, where the fluid particles update their
velocities according to Eq. (2).

Because the WCA potential only provides radial forces
normal to the surface of colloidal particle, the tangential
components of the fluid velocity do not change during the
collision with the colloidal particle. As a result, the WCA
potential leads to a slip colloidal particle. To realize the no-slip

boundary, a coarse-grained bounce-back rule is additionally
applied to the fluid particles that collide with the colloidal
particle after the velocity-Verlet MD update. During the
bounce-back operation, the velocity of the fluid particle rela-
tive to the colloidal particle surface is reversed, which ensures
that the average relative velocity of the fluid particles near the
colloidal surface is zero. The postcollision velocities of the
fluid particles and colloidal particle can be determined by us-
ing the conservation of momentum, angular momentum, and
energy during the bounce-back collision. For simplicity, here
we do not consider the rotation of the colloidal particle (which
is equivalent to a colloidal particle with the mass M? > m),
and the postcollision velocities reduce to

v = —(v; — o) + 0",

; —

m
V=l 42— i — o). 10
v = v’ + mNb+MPZ(” v7) (10)

Here the superscript prime denotes the velocities after the
bounce-back collision, N, is the number of fluid particles
participating in the interaction with the colloid, and the sum-
mation runs for all such fluid particles. We point out that these
coarse-grained no-slip and slip boundary conditions are not
only highly effective for our current mesoscale simulations
but meet our simulation requirements appropriately, and de-
veloping a precise microscopic theory for the hydrodynamic
boundary conditions of the mesoscale odd fluid remains a
valuable pursuit.

Our following colloidal simulations are performed in an
L x L box with periodic boundary conditions. Additionally,
the Maxwell-Boltzmann scaling thermostat, a thermostat de-
veloped for the traditional SRD [40], is used to maintain an
isothermal condition. When investigating the flow past the
colloidal particle, we fix the colloidal particle at the box center
and generate the fluid flow by endowing the CSRD particles
inside the bin of L — 1 < y < L with velocities sampled from
the Maxwell distribution with a mean velocity u#,, and the
temperature k7. Simulation parameters used in colloidal
simulation are w = 27 /3, At = 0.1, dt = 0.002, k3T =1,
A=10, R=4, e =2.5kgT, F, =2, L = 80, uy = 0.05e,,
and M? = AmR?. The resulting Reynolds number is about 0.2.

B. Flow field and colloidal dynamics

To begin, we consider an odd (normal) fluid flowing past
a fixed colloidal particle with slip or no-slip boundary. The
simulation results are depicted in Fig. 5 (for the normal fluid
(6 = 0). We only provide the no-slip result since it is qual-
itatively similar to the slip case). Different from the normal
fluid [Fig. 5(c)], the flow pattern of the odd fluid around
the slip colloidal particle [Fig. 5(a)] shows nonsymmetrically
distorted streamlines, consistent with the recent theoretical
prediction [41]; while the odd fluid flow around the no-slip
particle [Fig. 5(b)] is similar to the case of the normal fluid.
The reason for this is that in the incompressible limit (valid
in our simulations), the odd viscosity term in the Navier-
Stokes equation can be absorbed into the pressure, pi—'t‘ =
—Vp+7V2u, with p = p+ f,e4p0,up. Consequently, the
flow pattern can only be influenced by the odd viscosity via
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FIG. 5. (a)-(c) Velocity field of the fluid flowing upward through
a fixed colloidal particle with the white streamlines (color indicates
the relative flow speed). (d)—(f) Trajectories of the colloidal particle
migrating under a vertical downward external force.

the boundary conditions involving the stress, e.g., the slip
boundary.

We further investigate the dynamics of a slip or no-slip
colloidal particle migrating in the CSRD (SRD) fluid under
an external force F = Fye,. The trajectories of the colloidal
particle are shown in Figs. 5(d)-5(f). We note that a transverse
migration appears in the case of the slip colloidal particle
in the odd fluid [Fig. 5(d)], significantly different from other
situations [Figs. 5(e) and 5(f)]. From the stationary migrating
velocity Uy, the mobility tensor /Lﬁ g = uP8up + /Lgsa,g of the
colloidal particle is quantified by the relation U, = u” ,Fp.
The results are given in Table I, showing the slip colloidal
particle in the odd fluid has a nonvanishing odd mobility u?.
Finally, we determine both normal and odd components of the
colloidal diffusion tensor D, g =DP8up + Dbeyp by measur-
ing the velocity correlations of a free colloidal particle [17]
via DZﬁ = dt(vg(t)vg(O)). The diffusion tensor and the
corresponding mobility tensor are found to satisfy the Einstein
relation D? 5= wh ks T, aligning with the equilibrium nature
of the CSRD.

VI. CONCLUSION

We develop an efficient mesoscale simulation approach for
odd fluids and analytically derive its transport coefficients and
continuum equations. The mesoscopic odd fluid not only ex-
hibits all odd transport coefficients but also properly captures
the unusual dynamics of odd fluids and odd complex fluids.

TABLE 1. Even and odd mobilities, u” and p?, and even and odd
self-diffusion coefficients, D? and D? of colloidal particle.

=0 0 =9m/5
Slip No slip Slip No slip
ulkgT 0.0129(1) 0.0095(1) 0.0241(2) 0.0201(1)
Dr 0.0129(3) 0.0092(3) 0.023(1) 0.020(1)
uPkgT 0 0 —0.0058(2) 0
Dr 0 0 —0.0058(1) 0

Our work thus paves the way for simulating odd complex flu-
ids at large scales and exploring their unique characteristics.
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APPENDIX A: SIMULATION DETAILS

In this appendix, we provide the simulation details for the
measurement of the transport coefficients and for the case
studies in the main text.

1. Transport coefficients

The transport coefficients are computed by performing
nonequilibrium simulations. First, a gradient of velocity, tem-
perature, or concentration is applied to the system. To generate
these gradients, a method named reverse nonequilibrium
molecular dynamics (RNEMD) that was originally proposed
by Florian Miiller-Plathe [42,43] for determining transport
coefficients of fluids in molecular dynamics simulation is uti-
lized. In this method, the gradient and hence its corresponding
flux are created by using the Maxwell’s demon-type operation
to change the attributes of particles on the system boundaries.
This boundary operation does not influence physical processes
in the bulk. Then, the steady-state gradient and (longitudinal
and transverse) fluxes are measured. Finally, according to
the constitutive relations between the gradient and flux, the
transport coefficients are obtained.

a. Viscosities

As shown in the main text, all the viscosities are the com-
binations of 7", 5!, kit and n<°!. These viscosities can be
calculated by imposing a simple shear with the shear rate
y = dyuy. According to Eqgs. (4) and (5) in the main text, the

stress in the presence of this shear rate is given by

Ou=—pH+ns"y, oy =—p— (5" +n)y, (Al)
ny — (nkin + 77601)]./» ny — nkiny’

where p is the pressure. The stress also consists of the kinetic
and collision parts: oqp = o;‘;g“ + oofgl. Each part of the stress
can be read from Eqgs. (Al). Referring to the derivations in
Appendix B 4, the pressure term only comes from the kinetic
contribution, so the kinetic part of the stress is

ol = —p+nkty, ol =—p—yiny,
Ugn — nkinl-/’ O_;;in — nkin)}. (AZ)

And, the collision part of the stress is

col __ col __ col -
o =0, o =-n,v,
col __ _col. col __
Op =10V, 0Oy = 0. (A3)
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Therefore, the viscosities ", n°°!, nkin - and 1! can be cal-
culated from Eqgs. (A2) and (A3):

7]kin — G)gm + O‘}E(Xm kin — a)gn U)E(yln
2y ’ ¢ 2y ’
Gcol col
= = (A4)

The simple shear with y = 0,u, is generated by the
RNEMD approach (see [42] for more details). Briefly, the
CSRD simulation system, with the size L and the periodic
boundary conditions, is divided into identical slabs along the
y axis. The width of slabs is /, equal to the size of the collision
cell. Pick out the particle with the minimum x-component mo-
mentum, pgc’) (i.e., the maximum value against the x axis) in
the bottom slab (the region {(x, ¥)|0 < y < /}) and the particle
with the largest x-component momentum, p{*, in the middle
slab [the region {(x,y)|L/2 <y < L/2+[}] every W CSRD
steps. Then, the momentums p, of these two particles are
exchanged. The exchange interval W is large enough to avoid
a non-linear response. In the simulation here, we set L = 20!
and W = 40. After a quick relaxation, the system reaches the
steady state and a symmetric linear shear field (with respect to
y = (L 4 1)/2) is established. It should be pointed out that the
total energy of the system remains constant in the RNEMD-
type simulation.

The momentum flux (7,g = puqitg — 0up) across an imag-
inary plane (locating in the lower or upper half simulation
box) can be directly measured. Its kinetic part T,3" =
plgilg — ag[‘g“ is quantified by accumulating the momentum
po of the particles crossing the plane, with the normal vector
along the B direction, in the streaming step. The collision part
of the momentum flux T, = —o9 is obtained by measur-
ing the momentum transfer across the plane induced by the
rotational collision.

b. Thermal conductivities

If a temperature gradient 9,7 is imposed in the CSRD
fluid, the thermal conductivities «*", k!, kX" and %! can
be determined by the following relations:

qidn — —K(l)(inayT, q;fin — —KkiHSyT,
¢ = =T, g = =k, T. (AS)
Here ¢"i" and ¢°! are the heat fluxes from the kinetic and

collision steps, respectively.

In the simulation, the temperature gradient is created as
follows. Every W simulation steps, the particle with the small-
est kinetic energy and that with the largest kinetic energy are
selected out from the bottom and middle slabs, respectively.
If the kinetic energy of the former is smaller than the latter,
their velocities will be swapped. Such velocity-swap operation
results in a continuous heat flux and hence thermal gradient
in the system, which is also symmetric with respect to y =
(L 4 1)/2. To produce a linear thermal gradient, the exchange
interval is taken as W = 40 in the simulation. After the system
reaches the steady state, the heat fluxes contributed due to the
streaming and collision steps can be separately measured.

c. Self-diffusion coefficients

The self-diffusion flow obeys the relation JP? =
—DypdgAp, with Ap = ps — pp and JP =J4 — JB. Note
that particles of species A and B are identical, and they are
only distinguished by an imagined tag. Under the gradient
dyAp, the self-diffusion coefficients Dyg = Ddyp + Docap
are computed by the following equations:

J? = =D,d,Ap, JP =—Do,Ap. (A6)

The gradient d,Ap is obtained by performing an artificial
chemical reaction for the particles in the bottom and middle
slabs. This chemical reaction transforms the particle A to B
with probability psp and the particle B to A with probability
pea = 1 — pap. For the bottom slab, the probability pps is
set to be larger than p4p, so more A particles are produced
there, while in the middle slab, pga is smaller than psp. This
reaction also takes place every W = 40 CSRD steps. In the
initial state, A and B particles are uniformly distributed with
the same density ps = pp, i.e., Ap = 0. In the simulation, we
take psp = 0.46 in the bottom slab and psp = 0.54 in the
middle slab. In the steady state, the concentration gradient
and self-diffusion flux J? are directly measured, such that the
self-diffusion coefficients are extracted from Eqs. (A6).

2. Case studies
a. Poiseuille flow in a channel

Under a gravity field g = (g, 0), the CSRD fluid develops a
Poiseuille flow along the x direction in a channel with length
L, = 20! and width L, = 20[. The channel has the periodic
boundary condition in the x direction and no-slip boundary
walls in the y direction realized by the bounce-back collision.
The gravity force acts on the particles in the streaming step
through the following equations:

Foilt + Af) = ry i(t) + vy i (F) AL + %gaAtz’

Vit + A1) = v,i(f) + go Al (AT)

The system is coupled to a thermostat to achieve an isothermal
flow. Specifically, every W, = 2 simulation steps, the particles
are sorted into the cells of a fixed square lattice with size 21.
To avoid confusion, these cells are called as the thermostat cell
(TC). The instant local temperature kg7 of a TC containing
N, particles (N, > 1) reads

1
ksl = ——— > (v; — v.)%,
B 2(N. — 1) ,;(::

(A8)

where v, = 1% > ictc Vi is the center-of-mass velocity of this
TC. To maintain the temperature at a desired value of kzTj,
the velocities of the particles, relative to the center of mass,
are rescaled:

ksTo

—, 1€eTC,
kgT, l

v = ve + (v — v,) (A9)

where v/ is the velocity after thermostatting.
Theoretically, from the hydrodynamic equations of the

CSRD fluid [Egs. (7) in the main text] and the ideal-gas
equation of state, the Poiseuille flow velocity field driven by g
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obeys the following equations:

oy = —pg,
R kgT
noavzux = ———0ypP, (AlO)
- m
with the boundary conditions u.(y)ly—0, =0 and

[dx [i dyp/L* = py. Thus, the flow field and density
distribution can be solved analytically.

b. Heat conduction in a confined box

In the simulation, the CSRD fluid is confined in a L x L
box with L = 80/. The boundaries in the x direction are reflec-
tive walls, while the periodic boundary condition is applied
in the y direction. The RNEMD method is used to produce a
thermal gradient. Here, the system is divided into slabs with
width / along the y axis, and the kinetic energy of the particles
in the bottom and middle slabs are swapped every W = 40
steps. Because of the periodic boundary condition in the y
direction, the resulted temperature distribution is symmetric
with respect to the position y = L/2, and the bottom (and top)
and middle slabs separately have the minimum and maximum
steady-state temperatures, which are kg7 (y = 0) = 0.94 and
kgT (y = L/2) = 1.06, respectively. Due to the system sym-
metry, we only present the simulation results for the lower
half simulation box.

In theory, this heat conduction problem is described by the
Laplace equation,

V2T =0, (Al1)
with the boundary conditions
qx|x:0 = —(kd T + KoayT)Lv:O =0,
Gxly=s0r = — (k0T + k,0,T )|x=80; = 0,
Ty=0)=0.94, T(y=40l)=1.06. (A12)

The above equations are numerically solved by finite differ-
ence method (FDM), where the thermal conductivities «, x,
are given by Egs. 6(e)-6(h) in the main text. Figures 6(a)
and 6(c) display the results from the CSRD simulation and
theoretical calculation, and the relative error between them
(defined as |theory-simulation|/simulation).

c. Self-diffusion in a confined box

The simulation setup for the self-diffusion is similar to the
case of heat conduction in last section. Here, the particles in
the bottom slab, no matter which type of particles they are,
are relabeled as A with probability p4 = 0.54 and as B with
probability pp = 1 — p4 = 0.46 while, in the middle slab, the
particles are relabeled as A with probability py = 0.46 and
as B with probability pp = 0.54. This relabeling operation
results in fixed concentrations for both species on the bound-
aries. And the system is also symmetric about y = L/2. In
the steady state, the densities of species A in the bottom and
middle slabs are, respectively, ps(y = 0) = 5.4 and ps(y =
L/2) =4.6.
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FIG. 6. Temperature maps in heat conduction (a), (c) and density
maps in self-diffusion (b), (d) of the CSRD fluid in a confined box.
System parameters: At = 0.1 and A = 10 for (a)—(d); @ = 57 /6 for
(a), (¢); w =2 /3 and kgT =1 for (b), (d); & = —57/9 for (a),
(b); and 6 = O for (c), (d). Here, the white lines are the isotherms
or isodensity lines. The lowest panels in (a)—(d) refer to the relative
errors between the simulation and theoretical results.

Theoretically, the equation and boundary conditions satis-
fied by the diffusion problem read

VZps = 0. (A13)
JxD|x:O = _Z(Dapr + DoaypA)|x:O =0,
IPlizsor = —2(D3xpa + Dydypa)lisor = 0,
pa(y=0)=54, ps(y =40])=4.56. (A14)

This boundary value problem of the Laplace equation is
solved by the FDM, in which the coefficients D and D, are
given by Egs. (9) in the main text. For comparison, the simu-
lation and theoretical results are shown in Figs. 6(b) and 6(d).

APPENDIX B: THEORETICAL DERIVATION
OF TRANSPORT COEFFICIENTS
AND HYDRODYNAMIC EQUATIONS

1. Assumptions and definitions

A nonequilibrium kinetic theory originally proposed by
Pooley and Yeomans in [38] is applied to derive the
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hydrodynamic equations and transport coefficients of the
CSRD fluid. The basic idea and definitions employed in this
theory are introduced below.

To begin, the particle number density is assumed to be
large enough, so it is appropriate to treat the CSRD fluid as
a continuous medium. The single-particle distribution func-
tion is denoted as f = f(r, v) with normalization condition
[ drdvf = mN, where m is the mass of a particle and N\ is
the total particle number. Then the mass density and momen-
tum distribution is obtained by p(r) £ [ dvf and p(r)u(r) =
J dvvf, respectively, with u(r) the flow velocity field. The
distribution of an arbitrary quantity X = X (r, v) is defined
by (X(r)) £ % f dvX f [44]. The moment of velocity is de-

fined as Myg... = ((vq — ug)(vg — ug)---). The temperature
is defined according to the second moment of velocity, 67 =
kgT /m = 3Myq (setting kg = 1) [45].

It is assumed that the CSRD system under study is in
local equilibrium, so f(r, v) is the local equilibrium distribu-
tion and is a function of the local thermodynamic quantities
[p(r), Or(r), .. .I:

p(r) (v —u(r)
= _— Bl
i) eT(r)g<¢F<r)>’ B

where g(x) is a function of the dimensionless quantity x.
Under the hydrodynamic limit, the thermodynamic quantities
fluctuate at the large time and space scales, such that their
gradients can be treated as small quantities, whose magnitude
is denoted as §.

The hydrodynamic equations of the CSRD fluid can be
derived from the conservation equation of the conserved quan-
tity O that is the mass, momentum, and energy. The general
form of the conservation equation of Q is

dpp + 0,49 =0, (B2)

where pp and J @ are the density and the flux of Q, re-
spectively. Following the method used in [38], the continuity
equation, the Navier-Stokes equation and the heat conduction
equation can be obtained by calculating the specific form of
flux J9 when Q takes m, mv, and %mv2 separately.

Because the evolution of the CSRD is discrete in time,
the flux, which is related to the quantity crossing a plane
during the time interval [z, ¢ 4+ At], corresponds to the discrete
flux j'© rather than the continuous flux J@ associated with
c?él)tinuous time dynamics. The expression of discrete flux
J¥is

1 t+At
i@ = — / dr'J Q. (B3)
At

According to the mean value theorem of integrals, the above
formula is expressed by j@(r) =JQ( + 1), 7 € [0, At],
which allows representing J(@ by j(@: JQ(t) = j @ — 7).
Then, expanding j{@(r — t) at  to the order of O(8) yields

IOy = j Q) - 18,j Q1) + O?). (B4)

Substituting this into Eq. (B2) and setting T = %At for ap-
proximation, the conservation equation of the CSRD fluid is
obtained as follows:

. At
¥ po + q (15,@ — 73,,3@) = O(8). (BS)

The flux, j@), originates from both streaming and collision
steps, which can be derived separately. In the streaming step,
79 is proportional to the mean quantity of Q = Q(v) flowing
across an imaginary plane (line in 2D) of the unit area during
At, which is denoted as AQ. In general, AQ depends on the
distribution function f(r, v). With the help of the expansion
of f(r,v) at a point on the plane, AQ can be approximated
by the velocity moments at that point. Using the updated rule
of the CSRD, an iterative equation for the velocity moment
is derived. The fixed point of this equation gives the value
of the velocity moment, and from this value, the form of
the flux in the streaming step is obtained. While, the flux
contributed from the collision step is directly derived by
calculating the average transfer of Q through the plane that
separates the collision cell into two compartments because the
cell-level conservation of Q is obeyed during the collision.
Subsequently, substituting j(9) into the conservation equa-
tion Eq. (BS) yields the hydrodynamic equations and transport
coefficients. In the remaining sections, the derivation of j{¢’
is provided in detail.

2. The calculation of the discrete flux: The general form
a. The flux in the streaming step

The flux j(9 in the streaming step, denoted by j({@"Xn, can
be written directly in terms of its definition. For example,
consider a line segment £ = {(x, y)||x| < 5,y = 0} without
loss of generality so the flux j{@"*" across it during Az is

o 0 DA
jlkin — _/dvf drv/ ~ dr Q) f/m
alt —vyAt l —%"rff;ry

1
E/dv/Aer(v)f/m. (B6)

(1>

This integration can be calculated by expanding the distribu-
tion function f with respect to the origin point to the order of
O($), in which the expansions of the density, flow velocity,
and temperature are utilized:

0 = po+ ra(dup)y + O?), (B7)
ug = uop + 14 (dttg)o + O(8%), (BS)
Or = O + 1o (301 )y + O(8?), (B9)

with the subscript 0 denoting the value taken at the origin
point. Here, ug is considered to be O(8) because the Galilean
invariance of the CSRD allows to choose such a reference
frame. Thus, using the following substitution:

v’—uo_v—u (B10)
Voro  Vor

in the definition Eq. (B1) and ignoring O(8?) order quantities,
Eq. (B6) becomes

o1 , N
J}(Q),k ZE/dv //drf((),v)EQ(v)

X |:1 + Lra(aap)0:|v (Bll)
£0
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where v = (1 + 55—70(387)0)V" + 1o (att)o, A" = {(r, 1y)Ir; <

are

/

! Oy Uy a ! dy 0
oy Vel (@t @) (@ v ) (@do B}
2 v v v/ 2 v v/ v/

x y

y
r/? _ g + U_)/( 1+ (axux)O N (axuy)O E
2 vy v, vy 2

0,0
r)l, = —v;At|:1 + <( x0r)o

297‘0 20!

y

The integral over r in Eq. (B11) can be implemented by
expressing Q(v) in terms of v'. To the order of O(§), only
integrations like [}, dr and [,, drr, need to be calculated, and
their results are given by [38]

AL L dr
alt A

1
= U;, - At{v;(ayuy)o + E[U;(axux)o + U;(axuy)O]

1
+ ——[(8,8r)0v.” + @:0r)0v,v)] 1, (B13)
297‘0 Y -

R, 2 / drry = —%aAtzv;v(;. (B14)
As a consequence, the integration Eq. (B11) has the form
of fdv’f(O, v')P(v') after integrating r using Egs. (B13)
and (B14), in which P(v') is a polynomial of v’. Hence,
Eq. (B11) can generally be represented by the first-, second-,
and third-order moments of the velocity at the origin point.

b. The flux in the collision step

It is convenient to calculate the collision flux in a single
collision cell. We use the superscript col to label it, i.e.,
j{@-<ol The center of this cell is set as the origin point and the
domain of the cell is defined as C = {(ry, ry)||rx| < %, Iyl <
%}, where / =1 is the length of the cell. Imaging a fixed
horizontal line segment r, = ¢ that crosses the collision cell,
the flux (@< across this line segment contributed by the
collision can be written as

(0ol 1 1/2 1/2
Jy ’ :E[E[ drx/c dry,O<Q(v )/m—Q(v)/m):|,

12
(B15)

with v and v¢ being the velocities of a particle before and
after the collision, respectively. Here, the lower limit of the
integral, ry = ¢, is a random variable uniformly distributed
between —/ /2 and [ /2, which originates from the random shift
operation before performing the collision. It is worth noting
that the collision step transfers the momentum and kinetic
energy instead of the mass.

3. The calculation of the mass flux

Substituting Q = m into Eq. (B11) and combining with
Egs. (B13) and (B14), the mass flux j to the order

Oxly
L u})o>rx_

re < rl r; < 1y < 0}, and the limits of integration ry, ry, ryf,
y X y
/ Oy 0y
LR (@yu)o  (Byiy)o |7
v, v, v )7
09,0 Oyl
( 'y T)O _ ( )u_\)() U/At . (BIZ)
267 PV A
[
of O(8) is
jém) :jém),kin = ooy — %At(aapQT)o
— 3 At@p pupig o + O(S?). (B16)

The subscript 0 in Eq. (B16) can be ignored to represent the
mass flux at arbitrary point. Then, according to the conser-
vation equation (B5S), the continuity equation is obtained as
follows:

At
00 + Oq {pua - T[Bt(pua) + dg(puguy) + Ba(pHT)]}

= O(8). (B17)

This equation can be simplified further by using a con-
clusion obtained in the derivation of momentum flux [see
Eq. B3D)]: 8 (pue) + 8p(pugits) + 8, (p0r) = O(8%), from
which the standard form of continuity equation is obtained:

3 p + 3y (puy) = O(8*) = 0. (B18)

4. The calculation of the momentum flux

We define the momentum flux density tensor Tg

jépa)’ Tup = Takén + T;gl, where Takén — jl(spw,kin and T;}gl —

J < The fluxes T and 755! are derived as follows.

a. The momentum flux in the streaming step

The general form of Také“ at an arbitrary point can be
derived by inserting Q = mv into Eq. (B11) and using
Egs. (B13) and (B14):

kin 1
Taﬁ =p|uqup +Ma/3 — EQTAI

X (Juttp + ity + 5aﬂayuy)} +0$%. (B19)

Here, the second-order moment of velocity M,g will be cal-
culated afterward.

b. The momentum flux in the collision step

To derive the momentum flux due to the collision step, we
select a representative particle whose precollision velocity is v
and let 9 be the mean velocity of other particles. Thus, the cen-
ter of mass velocity of this cell becomes v, = %v + NT’IIA),
with N > 1 the particle number in the cell. Here, the particle

number in a collision cell approximately obeys the Poissonian
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distribution, with the mean value of A = nl” (n the particle
number density). From this, given that there already exists a
representative particle inside a cell, the probability that the
cell contains N = g particles is P(N = q) = e *A9"! /(g —
D,g>1.

According to the collision operation in the cell &, the veloc-
ity of the representative particle after the collision, v¢, reads

V= vem(?) + Re(v(1) — vem (1)), (B20)

where R; = cos al — sin e, with I the unit tensor, & the Levi-
Civita tensor, and o = Q2 + 6 the rotation angle defined in the
Eq.(2) of the main text. Substituting the decomposition vy, =
%v + %f) into the above equation gives

. N-—1 1
Vo =~ cosoz—i—N

: *
l)va —sinaw,

+ (1 — cos ) Dy +sinaf);], (B21)
where v = e45vp and D) = g,405.

The collision-induced change in the local flow velocity can
be obtained by taking the average of Eq. (B21) with respect to
v, ¥, N, the random rotation angle €2, and the particle positions
except for the selected particle,

]E[(’Ug — Ua>:| = gc(ua — Uow) + gs(”:; - uSa)

= gc(ayua )Ory + gs(ayuz: )Orys (B22)
where
1
ge=1- X()‘ — 14 e )1 =cosbcosw),
1 s
g = —X()\ — 14 e "*)sinfcosw. (B23)

In this derivation, the expansion of local flow velocity about
the cell center, ug = uog + ro(daltg)o + O(8?), has been em-
ployed.

Substituting Eq. (B22) into Eq. (B15) together with Q(v¢)/
m— Q(v)/m = v, — v, gives the momentum flux in the col-
lision step at an arbitrary point (removing the subscript 0):

Tt = —n*"0puy — 0™ opuc. (B24)

Here, 77“’1 and nff” are, respectively, the shear viscosity and

odd viscosity contributed by the collision:

7 = _12mAt (A—14e*)(1 —cosbcosw), (B25)
col _ M — Ay si
My = a1+ e sind coso. (B26)

c. The Navier-Stokes equation with undetermined moments

Putting the total flux T,4 = T,3" 4 T3 into Eq. (B5), we
have the momentum conservation equation:

3 (pua) + 0p(Tup — 5A10,T,5Y) = O(S). (B27)
The time derivative of Takén is
WTy5 = Sapdpyds(pM) + O(8%)
= 8au8pu0i[p(Or8ap + M 5)x] + O(8%)
= 8450, (pOr) + O(8?), (B28)

where a decomposition Mg = 60rdup + M, 5 has been used,
with M, ; the traceless part of M, . The traceless moment M, 5
can be written in a more symmetric way,

! 1 3
M = Mlaaﬁ +M30aﬁ,

o

(B29)

where M; = % aﬁaéﬁ =M., M;= % aﬁagﬁ = %(Mxx -
M,,), and the matrices ‘7515 (i=0,1,2,3) are defined as

1|0 1 2 3 |1 0
0_[1 ol =—& =4 |

(B30)

The Navier-Stokes equation can be achieved by plugging
the fluxes Egs. (B19) and (B24) into Eq. (B27) and using
the energy conservation equation [to the order of O(§)] ob-
tained in the next section [see Eq. (B43), i.e., d,(pfr) =
_2100Taaua + O(SZ)L

0r(pue) + 0g(pugttg) = dg0up, (B31)

with the stress tensor:

__ _kin col
Oup = aaﬂ + Gaﬂ ’

Oaf =—Pdap + 5001 At (Buttp + dpite — Sapdyity,) — pMy,,

(B32)

055! = dpte + 1O
Here, p = pOr is the pressure and the traceless M, p Will be
calculated in Appendix B 6 b.

5. The calculation of the energy flux
L

We define the energy flux gy = j9), qo = g&" + g5,
where E, = Smvgug, gkt = jFOKn and g¢o! = j{E-eol Their
expressions are provided in the remainder of this section.

a. The energy flux in the streaming step

kin

" can be calculated from

The general expression of g
Egs. (B11), (B13), and (B14):

ay" = 2p0ruy + 3 0Mppe — A3y (p67), (B33)

where the third-order velocity moment Mgg, will be deter-
mined in Appendix B 6.

b. The energy flux in the collision step

The variation of the local energy in Eq. (B15)
E[p(Q(v°)/m — Q(v)/m)] = pE[((v°)* — v?)], induced by
the collision step, can be calculated from Eq. (B21). Here,
(v9)? — v? is derived as

2 2 _ 2 A2
)y —v =-2 T (I —cosa)[v® — (N — 1)v7]
N—1)(N -2
— 2¢(1 —cosa)v-d
N2
N -1
+2 sinav - 9%, (B34)

Then, averaging over the particle positions except for the
selected particle and the velocities of all the particles under
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the molecular chaos assumption, the variation of v2is

N-—-1
N2 (1 — COSOt)i|(9T — 97‘0)

Euwﬂz—v%]=E[—4

N

—1
T(l — COS O[)i|l"a(8a97‘)0

+ O8?).

_ ]E[—4
(B35)

Substituting this into Eq. (B15) and omitting the subscript 0
yields the energy flux contributed due to the collision,

1 1 12 /2 1 , 5
9o =E —f dr. f dry=p([(v)” — v7])
IND BT )

ity B P 0 cos )30
= - — — cosf cosw
6A1 | N? T
o _Meoly 6, = g, T, (B36)
kp
with k¢ the collision thermal conductivity. Generally, the
term ]E[NN;]] cannot be calculated exactly. However, in the

large A limit, N can be simply replaced by A, such that !
becomes

_ ks =1
T 6LAL

col (1 — cos @ cosw).

(B37)
Notice that the collision part of the odd thermal conductivity
k< (which relates heat flux by ¢<! = —x13,T — k193 T)
does not appear here. This is because under molecular chaos
hypothesis used in Eq. (B35), only the first term of (B34)
appears in the energy flux Eq. (B36). This term is even in 6
(E[cosa] = cos w cos @), so only the even collisional thermal
conductivity appears under this hypothesis. However, we find
the following empirical equation can well describe the odd
thermal conductivity for large A:

col __ kB()\ - l)

= sin 6 cos w.
¢ 612 At

(B38)
To construct this empirical form of the collisional odd ther-
mal conductivity «¢° in the large-particle-number limit, we
proceed as follows:

(1) First, K§°1 is an odd function of 6 and its period is 27w
according to the simulation result, implying «¢°' o< E[sin «].

(2) Second, the energy flux in a cell during the collision
step must vanish when only a single particle exists in the cell
[see Eq. (B34)]. This requires K§°1 x E[(N — 1)sin«].

(3) Third, since the collisional thermal conductivity in-
creases with collision frequency, we write

k& oc LE[(N — D)sina] = 3. (A — 1) coswsin 6.

(4) Fourth, «! arises from the two particle velocity cor-
relation which is a smaller quantity compared to «°°!' (and
is true according to the simulation results). From this, we
assume :Zi ~ ,]T (here A is the average particle number in a

cell), which gives x°' oc 21

s s Coswsin 6.

(5) Finally, we introduce kp for dimensional consistency
and include a prefactor é to match simulation data: x¢°' =
ks(A—1)

612 At

coswsinf.

¢. The equation of energy conservation
with undetermined moments

According to Eq. (B5), the equation of energy conservation
for the CSRD fluid is

1 At
a(ymﬁ)+a(%—~7a%>=ow%=o, (B39)
where ¢, = ¢g&" + ¢! and 9,q, is

g = 3 (200ruq + 3 pMpgy) + O(S7).

The term 9,Mgg, involving the third-order moment of veloc-
ity is dealt with in the next section and the terms d,u, and
o, ( % p(v?)) are derived as follows. Substituting p = p6y into
Eq. (B31) gives 0;uy:

(B40)

pdhity = —da(pOr) + O(5). (B41)
Based on this, the term 8,(%,0(1)2)) is calculated as
0 (30(v2)) = 8 (007 + 3p0)
= 8,(pbr) + pita By + OS%)
= 0,(00r) — puadu(pbr) + OF%).  (B42)

Therefore, the energy conservation equation becomes
9 (pOr) + 9o (pOruy)
= —pOr Oyt + 3o (1655 0pT) + 3o (007 AL0,07)

At
-wzmmmem—%%wmmx (B43)

where kY = k8,5 + i S*'eqp. The kinetic thermal conduc-

tivity K};j; (contributed due to the streaming step) is contained
in the terms of Mg, which will be derived in Appendix B 6 b.

6. The transport coefficients and hydrodynamic
equations of the CSRD fluid

In this section, the velocity moments Mg, Mgg,, and then
the viscosities and heat conductivities from the streaming step
are separately derived.

a. The calculation of the velocity moments: General procedure

As previously mentioned, Myp and Mg, are the velocity
moments at position r, depending on the local equilibrium
distribution function f(r, v). They can be disturbed slightly
under the streaming and collision operations due to the
changes of f(r,v). The transformations of f(r,v) in the
streaming and collision steps are denoted by the operators S
and C , respectively. Therefore, the iteration relation between
the distributions at time ¢ and t + Az (denoted by f; and fi1a;)
iS fionr = Cod[ fi]. According to this iteration equation, the
transformations of the moments can be represented as follows.

The zeroth moment, namely, the density distribution p
which is only changed in the streaming step, is

pt+At 7 pf = /dveSA'[ft]’ (B44)

where the superscript s denotes the distribution after the
streaming.
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Higher-order velocity moments before the streaming
M, wp.. ) and after the streaming(M . ) separately read

M, = ;/dvft(va —ug)(vg —ug)---,
(B45)

1 A
Mg, 2 — [ dvSUAa(, =) (s =) -

where u), = # f dvS [fi]ve. The moments after the collision
(M. ) are defined by

My =M™

Lo
= [ v St =) n =) -+

where uS* = pi [ dvC o S[f:]ve.

In a word, the general form of the transform for moments
is M! +A_’ =F [M' ] and in the steady state the moments do
not change with tlme so they can be solved by the equation

Myg.. = ]:[Maﬁ...]- B47)

(>

(B46)

Thus, what we need to do next is to derive the transform rule
F, which consists of the streaming and collision contributions.
(1) The transform of moments in the streaming step. After
the streaming step, r;(t + At) = r;i(t) + v;(¢)At, the distribu-
tion becomes S[ﬁ](O, v) = f;(—vAt, v), where the position
is set to r = 0 for simplicity. Based on this relation, we derive
the transform of the moments.
The density distribution (the zero-order moment) after the
streaming is
ol = /dvf,(—vAt, v), (B48)
which is similar to the integration in Eq. (B6) and can be
derived by the variable substitution Eq. (B10). Expanding the

Similarly, other moments after the streaming read

1
Mg S ;/dvf,(—vAt, V) (Vg — Ug)(vp —ug) -,

(B50)
and combining with Eq. (B49), uy, M,g and Mg, are calcu-
lated as

1
ul, = u, — At;Ba (0'07) + O(8%)
1
= tta = Al 0 (pbr) + 0(8%), (B51)
M), =M.y — 01 At(qup + 0puy) + O(8%),  (B52)
M(ftﬁy M(txﬂy — Or At(aaﬁS},, + 8;378(”
+ 8,a8p:)0:0r + O(8%). (B53)

As a consequence, the traceless part of My (M, )18

M, = Mo, + Mo, ,
= (M} — 267 Ate))o, 5 + (M5 — 207 Ates)a, 5. (B54)
with el = %Bauﬁa;ﬂ = 1(dyuy + dyuy) and  e3=
5041p07 5 = 5 (Ocy — yuy), and the third-order moment

Mgg, reads

M3y, = Mg, — 407 A3, 07 (BS5)

(2) The transform of moments in the collision step. The
rotation collision in Eq. (B20) is an operation acting on all of
the particles in the same cell. Thus, one has to consider the
state change of each particles when it comes to the transform
of the velocity moments. For the cell &, by using the vector
ve = (v, ..., v™)T, the collision operation Eq. (B20) can
be rewritten as the following format:

density distribution about the origin yields vg =Lg - ve(t), (B56)
o' = p' — p' Atdgug + (9(82). (B49) where the matrix L; is defined by
J
Ri+ +(I —Ry) + —Ry) L —Ry)
1 1 1
~ —Rg) R:+ (I —Ry) ~ —Rg)
Le=| " N N (B57)
v —Re) v —Ry) Re+ 5 —Re) |,y oy

Here, I is the 2 x 2 unit matrix and R

= R:($2 + 0). It can be verified that L¢ is an orthogonal matrix: Ll);L;r = Ionxon, implying

that the phase volume element is conserved in the collision step and so does the CSRD dynamics.

For the sake of convenience, we define some notations as S Lf ]G, v) £

fi(r,v), CoS[ﬁ](r v) £ (r, v). We say f*(r, v)

is the distribution of the representative particle after the collision. According to the collision operation, this distribution can be

written by the distribution before collision:

fsc(rv ‘D) = E[fs(rv Rgl . (l) - vcm) + vcm)]~

(B58)

The average on the right-hand side of Eq. (B58) can be calculated by introducing the conditional expectation: E[f*(r, R™" - (v —
Vem) + Vem)|N]. Here, N > 1 is the particle number in the cell & containing the representative particle, and N also obeys the

distribution of P(N = q) = e )\a! /(g — 1)!, g > 1. We label other particles in the cell & by superscript (i), i =2, ...,

N. The

postcollision conditional probability of particle i (locating in the cell §) having velocity v is defined as p(v®|r') € Ag), with
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Ag the cell area. From the Bayes’ formula, we have

p DD € Ag)
pr € Ag)
fAs dr(i)fsc(r(i), v(i))

pr? € Ag) =

- - B59
Sy, drOpsr®) (B39
Using £*(r, v®) and p*(r) to approximate f*r®, v?) and p* (") in the integration yields
) ) SC (i)
p(v(l)|r(l) € As) = f (_r’_v ) (B60)
YT
With the help of p(v|r) € A¢), Eq. (B58) can be rewritten as
fsc(rv l)) = ]E[fs(r’ Rgl - ('U - vcm) + vcm)]
= ]E[E[fs(l‘, Rg_l (v —vem) + vcm)|N]]
=F /dv<2> o dv ™M (r, R;l (0 = Vem) + Vem) PP, VMDD € Ag, L r YV e AE)}
- F /dv(2) .. 'dv(N)f‘Y(r, R;l (V= Vem) + vcm)p(v(2)|r(2) € Ag) - .p(v(N)|r(N) c Ag)i|
M1 :
=F ()T f dv?® .. 'dv(N)fS(r, REI (0 = Vo) + vcm)fSC(r’ v(2)) S, v(N))iI. (B61)
L (p*)™* ™

In the fourth equality, the molecular chaos assumption has been used. Since the distributions £*(r, v”) in E[-] can be expressed
by f(r, R;l (09 — vn) + vem), we have

e, v) :E[ /du<2> e dv™ U Ry (0 = vem) + Vem)

(ps V!

X fs(r’ Rgl . (0(2) - vcm) + vcm) e fs(rs Rgl . (U(N) - vcm) + vcm):|

1
éE[ /dv(Z) e dv(N)fgs(r’ Rg_l (v — Vem) + Vems Rg_l . (v(Z) — Vem) +Vem, - - RE_I . (v(N) — Vem) + vcm)i|

(ps)Nfl
1
AE[W/dv(z) e dv ™M v 0L v(N)/)], (B62)
where f(r, v/, v oY = £ v, v - S, vWY ) and 0 = Rgl (v — vey) + Ve are defined. Introducing
the vectors v, = (v', v, ..., v™)Tand v; £ (v, v®, ..., ¥™)T and comparing them with Egs. (B56) and (B57), we can find

v’é = L',’,_l - vg. Therefore, f*°(r, v) becomes

e, v) = E[(pS)N_l /dv<2>---dv<N>fg(r, L' vg)]. (B63)
Now, we can write down the moments after collision, i.e., Eq. (B46):
SC 1 SC N sc 1 s - v,
M. =;/dvf‘ (r,v) - (Ua — u;x)(vﬂ — u‘ﬂ) o= E|:_(ps)N /dvgfé (r, Lgl . vg)M(v):|, (B64)
where M(v) = (v, — uy )(vg — uy)---. Taking the variable substitution vg — Lglvg for Eq. (B64) and together with

| det(Lg)| = 1, it can be simplified as

sc 1 s (N —1 . R 1
Maﬁ--- ]EI:W / dvEfg (r, vE)M<T[R§(U —0)+ v] + X]v>:|

el (e o )
N gV v v N’l)

= E[(M ()], (B65)
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where the decomposition v, = Al,v + I%f) has been used and v° is [also see Eq. (B21)]

. N-1 N
v, = —— coso
Y N-1

Here, ¢ and c; satisfy the relation ¢; + ¢, = 1.

Equation (B65) is the general form of the moments transform in the collision step. The transforms of the second- and third-
order moments are derived as follows. For convenience, we define the notations ((-)) £ E[(-)*] in the remaining part.

For the second-order moment, setting M (v) = (v — ufl)(v;; — u%) in Eq. (B65) gives

. N . A A A A
)va —sinav) + (1 —cosa)dy + smozv;] £ vy — 1V + c2by + 510 (B66)

M;% = (((v; - u;)(vg — “,Ss))) = ((v;v/‘g)) — (g Nup — ((v%))ui + Ul (B67)
where ((v;,)), the average velocity, is
(ve) = Eleiluy — Elsi]uy” + Elealuy, + Elsilu,” = Eler + calug, = ug,. (B68)
Thus, the second moment is
My = (vvs) — wluy = (vug) + O). (B69)

Using the molecular chaos assumption and Eq. (B66), (v, vf} )) becomes

c,c s 2 2 1 2 1 2 s 2 1
((vavﬁ» :Motﬂ]E Cl — 5 +m(1 —C1) - N — 1S1 —I—(SaﬁMny 57 1+m

1
+ (8/3yMg¢y + 8ayM;ﬂ)E|:m(l —c1)s1 — Clsl] + 0(52)

s N -1 1 N N—-1 . s N—-1 .
=M, zE cos2a + vl epyM,, E N sin2a | — &4, M, 4E N sin 2«
+ 8u5M5 E N_l(1 2a) | + O(8?) (B70)
apM,,, T cos 2ux .
Then, the transform of the second-order moment in collision is obtained as
M3y =1 =200M; 5 — s(sp, M, + €0y M) + c8upM;, + O(8%), (B71)
where the coefficients ¢ and s are
N —1 A—1 —*
c=E| (1 = cos2a) | = 21 (1~ cos 20 cos 20), (B72)
2N 2A
N —1 A—1 —A
s=E sin2a | = 222" Gin 26 cos 20, (B73)
2N 2A

A similar procedure can be performed to obtain the transform of the third-order moment. Taking M©O°) = (vg — uj()(vg —

uy)(v5, — u3,), Eq. (B65), and using Eq. (B66) gives My,

MZ‘;}V =A1Mgtﬁy - AZ(SWM;/ST + gﬁfM;ry + SWMiﬂy) — A3 (Eyfaaﬁ + €pr0ay + 8a15ﬁy)M§w
+ As(Spy My + Suy My, + SupM3 ) + OS2, (B74)

where

1
A =E ]W{l + (N — D[2(N —2)cosa cos2a + 3cos2a — (N —2)cosa]}},

[N — 1
A, =E W[Z(N—Z)sinacosZoc + 3sin 20 + (N—2)sina]i|,

= (B75)
Az =E _W(N — 1N — 2)sina(1 — cos 20:)],
A=E[Y =L v~ 2)cosall 2a)
4= Bz cos o cos2w) |.
Typically, the transforms of moments that need to be calculated [M, p in Eq. (B32) and My, in Eq. (B43)] are
M =Mio), + M5o,, = [(1 — 20)M; + 2sM3 o + [(1 — 20)M3 — 2sM} o (B76)
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and
Mifs, = (A1 + 440080, — (A2 + 443)e0y M5,

£ (Aeuy — Aay)Mjp,,. (B77)

b. The calculation of the velocity moments: Derivations

(1) The derivation of the second-order moment. The
complete transform of M/, is derived through the results
Egs. (B54) and (B76):

My = [(1=2¢)(M} — 267 Ate;)+2s(M5 — 207 Ates) ol
+ [(1 = 2¢) (M5 — 267 Ates)
— 25(M} — 207 Atey) o, (B78)

Setting Mé;m = Méﬁ gives a equation for the steady-state
M

¢ —=s||M| _ (1 —2c)e; + 2ses
|:s c ][M3:| = —OrAt |:(1 —2¢)ez — 2se1]’ (B79)
whose solution is
My = —0r At[(p. — 2)e1 + poesl,

(B80)
M3 = 07 At[poer — (pe — 2)es],
where
c s
. = ————, = ——. B81
Pe=Gra Po= oo (B81)

(2) The derivation of the third-order moment. The iteration
relation of the third-order moment Mpgg, betweent and ¢t + At

J

is given by Egs. (B55) and (B77):
MyER" = (Aebuy — Aotay) (M, — 407 ALD,0r).

Thus, in the steady state, Mgg, can be solved by the following
equation:

|:Ae -1 A, :||:Mﬂﬁyi| = 467 At|: A.0,0r + A,0,0r i|

(B82)

~A, Ao —1|| Mg, —A,0,07 4+ Ad,Or
(B83)
The solution of Eq. (B83) is
Mg, = 407 At[(1 + ¢,)0,0r — ,0:0r],
Mpggy = 407 At[(1 + 90)0:0r + 9,0,07 ], (B84)
whose equivalent form is
Mgpo = 407 At[(1 4 @.)0:07 + 9,0,01], (B85)
where the definitions of ¢, and ¢, are
¢ Al gy = —20 (B86)

T A1 Ay (A, — 17 +42°

¢. The constitutive relation and the Navier-Stokes equation

Now, we can obtain the stress tensor by substituting the
expression of M, [Eq. (B80)] into Eq. (B32):

Oup = — Pap + nki"(aﬂua + Oqup — 5a,38yuy)
+ 08" (Bpus + jue) + N dpuy + n<'pu’, (B8T)

where the normal and odd viscosities from the kinetic contri-
bution are separately

ki 1 1 — cos26 cos2w 1
" = —pbrAt(e, — 1) = nkgT At ——, (B88)
2 A—14+e*14cos2w(cos2w —2cos20) 2
i 1 sin 26 cos 2w
n, = —=pOrAte, = —nkgT At . (B89)
2 A—1+e*1+4cos2w(cos2w — 2cos20)

Following the notations in [13], the standard form of constitu-
tive relation for the CSRD fluid is

Oup = _pgaﬁ + [77(8au8/3v + Savsﬂu - 80{/38;11))
+ nR(Bau(Sﬂv - aavaﬁu) + gaaﬁauv
+ 770(801148;911 + Eﬂv&xu)

- 77A8aﬁ8/w - nBaaﬁguv]avuu9 (B90)
where 1 = n"" + 17! is the shear viscosity, { = $7° the
bu.lk viscosity, ng = %n“’l the rotation-rotation viscosity, n, =
pkin 4 %nff’l the odd viscosity, n4 = —%nff’l the compression-

! the rotation-compression

rotation viscosity, and ng = %no

viscosity.
Finally, inserting the constitutive relation into Eq. (B31),
the Navier-Stokes equation for the CSRD fluid becomes

¥ (pu) + V - (puu) = —=Vp +iViu + f.e - Vu, (B9I)

where f) — nkin + ncol and ﬁo — r)];in + ngol‘

(
d. The equation of heat conduction and the thermal conductivities

The equation of heat conduction derived in the previous
section is

0: (007r) + 00 (0O Uy )
= —pOrdaita + 0o (kS5 pT) + 0o (007 ALIeO7)

At 1
+ 7 9l (oM ppa)] = 5 0u (PMppor). (B92)

From this equation, the heat flux contributed by the stream-
ing step reads gk £ p0r Atd,0r + 5-8,(pMpga) — 3 pMpge.
Substituting Mgg, [Eq. (B85)] into the kinetic heat flux gives

Kin At 1
4y = — pOrAtd,0r — Tat(;oMﬂﬂa) + EpMﬂﬂrx

= p0r At[(1 + 2¢,)3,0r + 20,3011 + O(8%)

m : m
A
:__Kkmaagr 0

kg kg

= 1M, T — 1 m3rT,

kin q*
K, aa 97‘

(B93)
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kin kin

where «*" and «

. k
K= Z 21 4 ¢,)
m

are, respectively, the normal (even) and odd thermal conductivities contributed by the streaming step:

- @eb_l + (pub_2]p‘9T At7

ko™ = (=20, — @by — @ob1)pBr AL (B94)
For the large X limit, replace N by A in A, and A, [see Egs. (B75), (B77), and (B86)], then " and « X" read
. kAT AL + 2 cos a)) sin? £ + ((A — 2) cos @ + 4 cos 2w cos? §) sin” §]
Kkm—n—At 5 7 — 1
m (A — 1){()»—{—200560)2 sin* ¢ [(A 2)(A — 1 — cos2w) cos @ + 4(A — 1) cos 2w cos? ]sinzi}
ckin _ _nklff;_TA A[(A — 2)cos @ + 2 cos 2w cos O] sin O
¢ m 20 — 1){(A+2cosa))2sm 2 [(A 2)(A — 1 — cos2w) cos @ + 4(x — 1) cos 2w cos? 2]sm22
(B95)

Finally, the equation of heat conduction for the CSRD fluid is

3r(,09T) + aa(peTua) = _peTaaua + aa(KaﬂaﬁT)’ (B96)
or, equivalently,
k
Z10,(pT) + B (PTua)] = Pl + du(kiapdpT).  (BIT)
with
5= (Kkin + Kcol)gaﬂ + (K(]fin + K:):O])gaﬂ' (B98)

Note that, in general, both the pressure and viscous stress
can contribute to the mechanical work. However, in the above
heat conduction equation, there exists only the pressure con-
tribution (—pdyu,), while the term related to the mechanical
work from the viscous stress (i.e., oup 4+ pdyg) is absent be-
cause of the limitation of the kinetic theory used here. By
considering the conservation of energy, we can correct the
heat conduction equation [Eqs. (B97)] by adding the viscous
stress term phenomenologically. The resulted heat conduction
equation becomes

k
“8(PT) + 8P Tha)] = Gupptte + ducapsT). (BI9)

APPENDIX C: THEORETICAL DERIVATION OF
SELF-DIFFUSION COEFFICIENT OF THE CSRD FLUID

The self-diffusion behavior of the CSRD fluid is studied
in this section. Here, the CSRD particles are distinguished
by labeling some particles as A and other particles as B, but
their dynamics are completely identical. Thus, the CSRD fluid
can be regarded as a binary mixture. Near equilibrium, the
evolution of the density difference Ap = ps — pp between
species A and B is described by the self-diffusion equation

WAp=V-J>, (C1)

where JP = Jm) — jms) is the self-diffusion flux. With
the discrete self-diffusion flux, j2 = jim) — jms) (jom) | ¢
{A, B} is the discrete mass flux of species I), and according to
Eq. (B5) the continuity equation becomes

(C2)

n A
0 Ap + Oy (]01[) - 731101()) = 0(83)-

In the above continuity equation, the density of species /
is expressed as p;(r) = f dv fi(r, v), with f;(r, v) the single-
particle distribution of species /. Accordingly, the average of
quantity X for species [ is written as

(X1 (r)) é

/def,(r ). (C3)

(r)

To proceed, f;(r, v) is considered the local equilibrium one,
being of the same functional form as [Eq. (B1)]

fir,v) =

pr(r) (v —ur)

g < ; (C4)
Or1(r)°\ /Or,(r)
where u; and Or; are the mean velocity and temperature of
the particles of species I, respectively. Thus, according to
Eq. (B16), the discrete mass flux reads

J = pruga — 3 A3 (o107 1) — 3 A1p(pur pur ) + O(8%).

(C5)
Hence, the self-diffusion flux j? is derived as
i _]O([mA) ]C((ms)

5 At3o(pabra — psbrg) + O(8%)
1 At3,(Apbr) + O(8?). (C6)

= PAUA, o — PBUB .o —

= PAUA, o — PBUB .o —

Here, we assume that the system is in isothermal and mechan-
ical equilibrium conditions and there is no flow in the system.
Thus, these conditions imply 07,4 = 075 = 67 = const, p =
const, and u, = 0.

The first term of Eq. (C6), i.e., m, £ PAUA 4 — PBUB o, CAN
be calculated by the same method, as has been used to derive
the velocity moments. In terms of Eqgs. (B49) and (B51), the
transform of m,, in the streaming step is

m$ =my — Atdy(Aphr) + O(82). (C7)

Then we turn to derive its transformation in the collision step.
After collision, m}, becomes m}’, which is expressed by

m = /dv[ 2 v) — 35, v)]v,. (CY)

We first focus on the first term of Eq. (C8). Similar to the
derivation of f*¢ in Appendix B 6 a, the distribution function
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for species A after collision can be derived as

Xc = ]E[ff;(r’ RE_I : (U - vcm) + vcm)]

ZE[(,O'*)%/d”(z)'"d”(N)fX|...(r,Lgl ) ”s)} (C9)
where

fj“.,(r, ve) £ i 0) A, vy, o ™).
Substituting this into [ dvf{°(r, v)v, yields

(C10)

/dvfjc(r, Ve = paity o — PAE[Cap] (1), — 1), (C11)

where Cqp is defined as

N—1

Caﬂ = T(‘Saﬂ _Raﬂ)' (C12)

By applying the same derivation, we obtain the second term
in Eq. (C8):

/dvf;c(r, Vv = pjty, — PECas] (1} — uy). (C13)
Therefore, the result of m is
mzc = (aaﬁ - E[Cotﬂ])msﬁ + APJE[Caﬂ]u;;

= (8(1/3 - E[Caﬂ])m;}

The total transformation of m is then derived from Egs. (C7)
and (C14)

mzc — (50”3 _ E[Caﬂ])[mﬂ — AtB,g(A,OQT)]-

(C14)

(C15)

Setting m° = m!, = m, in this equation, we obtain the solu-
tion for the stationary value of m,:

My = (Bup — ElCap] DAIOs(Ap6r).  (CI6)

Thus, the self-diffusion flux Eq. (C6) becomes
J2 = (38ap — E[Cupl™") At (A pbr). (C17)

Substituting this into the conservation equation Eq. (C2), the
self-diffusion equation is obtained,

8, Ap = 8u05(Dap Ap), (C18)

where D, is the self-diffusion tensor:

Das = _erm(%aaﬂ —E[c, ]71) 2 D8yp + Dofap.
(C19)

Here, the subscript o represents the odd diffusion coefficients,
and the specific expressions of the diffusion coefficients are

kT At
D= —
2m
2A(1 — coswcosh) !
X — 11
(A—14e*)1 —2coswcosd + cos® w)
_ MegT At cos w sin 0
 mv— 1+ e )1 —2coswcosh + cos? w)
(C20)
Finally, the self-diffusion equation reads
3, Ap = DV*Ap. (C21)
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