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Odd fluids are a class of fluids characterized by nonzero antisymmetric transport coefficient tensors induced
by broken time-reversal symmetry. In our previous work, a mesoscale simulation model for two-dimensional
isotropic odd fluids was developed. Here, we extend the model to the three-dimensional case that corresponds
to an anisotropic odd fluid with cylindrical symmetry. Using kinetic theory, we analytically derive the viscosity
tensor and Navier-Stokes equation for the three-dimensional mesoscale odd fluid, which we quantitatively verify
with simulations. Furthermore, through both simulation and hydrodynamic theory, we demonstrate that the
planar Poiseuille flow of the three-dimensional odd fluid exhibits exotic transport behavior. This work thus paves
the way for performing large-scale simulations to explore and exploit intriguing phenomena of odd fluids.
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I. INTRODUCTION

Different from normal fluids, odd fluids possess mi-
croscopic dynamics with broken time-reversal and parity
symmetries. This endows odd fluids with nonzero antisym-
metric terms of transport coefficient tensors, according to the
Onsager-Casimir reciprocal relations [1], which are odd under
time reversal. Examples of such odd fluids include electron
Hall fluids [2-5], polyatomic gases within a magnetic field
[6-8], chiral active fluids [9-12], and so on. The odd transport
coefficients can generate fluxes perpendicular to the corre-
sponding nonequilibrium driving forces, thereby enriching
hydrodynamics and transportation [6—8,12—18]. Furthermore,
this also implies that mixtures of odd fluids with immersed
mesoscale objects [14,19] (i.e., odd complex fluids) may ex-
hibit more diverse responses and dynamics than conventional
complex fluids.

The current simulation studies of odd fluids are pri-
marily confined to molecular-dynamics-type (MD) methods
[12-14,16,19]. Although such simulations can properly de-
scribe all microscopic properties of the systems, the cross-
scale interactions and detailed evolutionary dynamics make
it challenging and even impossible to use the MD-type ap-
proach in large-scale simulation studies of odd fluids and odd
complex fluids. However, in studies of fluid dynamics and
complex fluid systems, the slow dynamic collective-motion
modes (i.e., the hydrodynamic modes) are essential, and the
microscopic details of the fluids are unimportant. Motivated
by the considerations, the mesoscopic simulation models for
the normal fluids have been developed over the past few
decades, where real fluids are coarse-grained but the essential
hydrodynamic behaviors are retained. Prominent approaches
include the lattice Boltzmann method [20-22], dissipative
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particle dynamics [23,24], and multiparticle collision dy-
namics (MPC) [25-29], each considerably improving the
simulation efficiency of the traditional complex fluids.

Very recently, to address the lack of a coarse-grained
simulation approach for two-dimensional (2D) odd fluids,
we developed a mesoscale odd fluid model, named chiral
stochastic rotation dynamics (CSRD) [30], by extending the
stochastic rotation dynamics (SRD), a widely used version
of MPC. In our previous work, we demonstrated that the
CSRD correctly captures all the features of 2D odd flu-
ids. However, three-dimensional (3D) odd fluids are more
prevalent in the real world and hold greater significance in
terms of practical applications. Moreover, unlike their 2D
counterparts, symmetry dictates that 3D odd fluids cannot be
isotropic [31,32], thereby allowing more transport coefficients
to emerge. Therefore, it is of fundamental importance and in-
terest to develop a 3D mesoscale odd fluid model and explore
its intricate transport behaviors.

In this paper, we propose a 3D mesoscale odd fluid by
extending the 2D-CSRD model to the 3D case. Through a
kinetic theory, we then derive the Navier-Stokes equation and
viscosity expressions for the 3D-CSRD model, which are
quantitatively verified by performing 3D-CSRD simulations.
Furthermore, as a typical case study, we employ the 3D-CSRD
method to investigate the planar Poiseuille flow of 3D odd
fluids, revealing anomalous transport behaviors that are in
excellent agreement with hydrodynamic theory.

II. 3D MESOSCALE ODD FLUID: 3D-CSRD MODEL

In 3D fluids, the existence of nonzero odd viscosities
requires the breaking of isotropy. Here, we consider an
anisotropic 3D fluid with the cylindrical symmetry (i.e., the
rotational symmetry around a fixed axis, say, the z-axis) and
the broken mirror symmetry about planes including the z-axis,
since such odd fluids are the most common and the easiest
to realize [1,6,11,32]. The CSRD fluid is a particle-based
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mesoscale simulation model that consists of a set of A/ point
particles of mass m. The position and velocity of particle i
are denoted by r; and v;, respectively, and they are updated
through two alternate steps: the streaming step and the colli-
sion step. In the streaming step, the particles move freely,

ri(t + At) =ri(t) + v;(t)At, 1

with At the time step. In the collision step, the particles are
first sorted into the cells of a cubic lattice sized / according
to their positions. As in the traditional SRD, the cubic lattice
should be randomly shifted for every CSRD step in order to
preserve the Galilean invariance [33]. Then in each cell, the
following rotation-type operation is performed on the veloci-
ties of the particles,

V(1 + A1) = vem + R - (0;(t) — Vem), 2

where v, is the center-of-mass velocity of the cell, and R
is a rotation operator. The rotation consists of two parts:
R=R® -RY. Here, RV = RV (n, w) refers to a rotation
around a random axis nr, uniformly distributed on the surface
of a unit sphere, by a fixed angle w; while R® = R®(e., 0)
is an additional rotation around the z-axis by an angle 6.

We comment on the physical motivation for the introduc-
tion of these two rotation operations. The random rotation
R follows the conventional SRD scheme, which mimics the
velocity changes during real collisions among fluid particles
in normal isotropic fluids. However, in odd fluids, the col-
lisions among fluid particles break time-reversal and parity
symmetries. To realize such collisions in CSRD, we introduce
an additional rotation R® after the normal isotropic rotation
R . Because we focus on 3D odd fluids with Cs, cylindrical
symmetry, we choose the z-axis as the rotation axis, yielding
R® = R® (e;, 6), where 6 characterizes the strength of the
chirality.

The introduction of the additional rotation R‘® breaks
time-reversal and parity symmetries of the CSRD, render-
ing the 3D-CSRD fluid anisotropic with the Co, cylindrical
symmetry. Consequently, 3D-CSRD may exhibit transport co-
efficients forbidden in 3D isotropic fluids, for example, the
odd viscosities. The CSRD model will reduce to the conven-
tional SRD model when 6 = 0.

The CSRD inherits all equilibrium properties of the SRD,
and satisfies the particle number conservation and cell-level
momentum/energy conservation. In the absence of nonequi-
librium drivings, the CSRD fluid rapidly relaxes to an
equilibrium state with the Maxwellian distribution and the
ideal-gas equation of state [30]. However, the symmetry of
3D-CSRD is different from the SRD. Before providing the
hydrodynamic equations of the 3D-CSRD, we briefly intro-
duce the stress constitutive relation for the odd fluid with the
Cs symmetry.

III. CONSTITUTIVE RELATION FOR ODD FLUID
WITH C,, SYMMETRY

Generally, the stress of a Newtonian fluid is composed of a
hydrostatic part and a viscous part,

Oup = O‘;lﬂ + oo‘t’ﬂ. 3)

The former is the stress nonvanishing even in the fluid without
any disturbance, while the latter describes the linear response
to velocity gradients é,,, £ 8,1,

Go\t/ﬁ = naﬁuvéuva “)

where 14, is the viscosity tensor.

By considering the constraint of the fluid’s symmetry, the
forms of aoll‘ and 74p,, can be simplified. For fluids with
the Co, symmetry, their hydrostatic tensor and viscous tensor
must be invariant under the Cy-group transformations (say,
the rotations about the z-axis). The simplified forms of the two
tensors have been obtained in a very recent work by Vitelli
et al. [32]. Here, we briefly summarize their results.

In general, the rank-2 tensors are represented by nine tensor
product basis e, ® eg. For example, a rank-2 tensor T is ex-
pressed as T = ), > 5 Tupeq ® €p, and its components can
be arranged as a 3 x 3 matrix. To simplify, we construct a new
set of basis {¢//} (I € {1,2,...,9)}) by the following linear
combination of the tensor product bases,

v = X4(ea ® ep). ©)

Under the new basis {1/}, a rank-2 tensor T can be expressed
by a 9 x 1 vector, T = Y, T'y'. Here, the coefficients X,
of this linear combination are determined by the irreducible
decomposition of the tensor product of two O(3) group’s
vector representations. Following the results of Vitelli et al.
[32], the transformation between these two bases reads

V= gtpea®ep). ea®e =10 (O)

Herein, the coefficients are denoted by the matrices 7/ p—the
unnormalized Clebsch—Gordan coefficients,

2
To:ﬁ = §8a5, To%ﬂ = gxaﬁa ‘L’jﬂ = gyaﬁ: T(jﬁ = Ezaﬁ’
1 0 0 0 1 0
=0 -1 0, =|1 0 0],
0 0 0 0 0 0
[0 o0 0 0 0
7 8
’=—|[0 1 0|, #=|0 0 1],
V3o 0 —2 0 1 0
0 0 1
=0 0 0], 7)
1 00

with . the Kronecker delta and &4, the rank-3 Levi-Civita
tensor. 7/ p holds the following orthogonality relations:

TogTag =207, TleTl, = 280,084., ®)
which implies the inner product of basis v/ and 7/ is
(¥!, ¢’) = 38 In the representation of ¥/, the nine com-
ponents of a rank-2 tensor are classified into three parts: the
scalar part represented by /!, the pseudovector part repre-
sented by 1>, and the symmetric traceless part represented
by . With the help of Eqs. (6), the viscous stress constitu-
tive relation Eq. (4) under the representation of v/ reads

O'V’I — nIJéJ’ (9)
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with

v,1

I _ v I 1J
07 = 0ugThps

Y A 1 _ 1.1 J
€ =e€apTlypg, N = 53TuaNafuvTyy-

By using the new set of basis {1/}, we now obtain the
general expressions of the Co.-symmetric hydrostatic stress

J

3¢/2 0 0 ma — M4
0 nR.1 nR 0
0 —1NR nR.1 0
ny + 0y 0 0 urs

n=2| 0 0 0 0
0 0 0 0

e —n¢ 0 0 193~ 103
0 nfg,l - 776,1 ’7€Q,2 - ’7&2 0
L 0 77€Q,2 - 77&2 —772;,1 + 770Q,1 0

Note that there are 19 allowed viscosities, and the viscosities
labeled by the superscript o are the odd transport coefficients.
Based on the transformation properties of these 19 viscosities
under mirror reflections about planes containing the z-axis,
we can classify them into two categories. For convenience,
we take the reflection y — —y as an example. Viscosities that
are invariant under this reflection (e.g., ;1 (y) = p1(—y)) are
the parity-preserving viscosities, while viscosities that change
sign under the reflection (e.g., n{(y) = —n{(—y)) are the
parity-violating viscosities. The parity-preserving viscosities
include

$y MR, MR2s MR3s K1y K2, K35 Mg 1s s

no.1s M- 13)
The parity-violating viscosities are
Ma» 9.2s N30

77;: 77?, 773, 772, 77%_27 17633‘ (14)

If the fluid is microscopically reversible, the viscosity ten-
sor in Eq. (12) satisfies an additional symmetry dictated
by the Onsager-Casimir reciprocal relations [1]. The micro-
scopic reversibility here means that the microscopic dynamics
is invariant under time reversal combined with the inverse
of chirality, such as the reverse of enternal magnetic field
B and the overall rotational angular velocity 2. Without
loss of generality, we assume that isotropy is broken by an
angular velocity € along the z-axis. The Onsager-Casimir
reciprocal relations require 5’/ () = /' (—). We note that
the reflection y — —y corresponds to reversing the angular
velocity (& — —), which implies '/ (y) = ’/(—y). There-
fore, the parity-preserving viscosities must correspond to the
symmetric components of n'/, while the parity-violating vis-
cosities correspond to the antisymmetric components. Thus,
we conclude that, in microscopically reversible systems, the
odd transport coefficients within the parity-preserving class

tensor and viscosity tensor. The simplified hydrostatic stress
tensor is

(11)

where P, 7,, and y are hydrostatic pressure, torque, and

shear stress, respectively. The simplified form of viscosity
I
i

h 7
Ogp = —Pap — T:E20p + ¥V Top,

n' is
0 0 47 0 0 |
0 0 0 No1 T Mo1  Mp2+nH2
0 0 0 UeQ,z + 776,2 neQ,l - ’7&,1
0 0 ngs+mngs 0 0
75 ng 0 0 0
—-n9 0 0 0
0 0 "3 0 0
0 0 0 1o s
0 0 0 3 2

(12)

(

(9.1 m¢) and the even transport coefficients within the parity-
violating class (1}, 1 ,, g ;) must both vanish.

We finally provide a physical illustration for these nonzero
odd viscosities. Physically, the viscosity mainly arises from
the momentum transport induced by microscopic collisions
between fluid particles. In contrast to normal fluids, collisions
among particles in odd fluids with C cylindrical symmetry
are chiral. This chiral scattering can give rise to the trans-
verse momentum transport, characterized by the offdiagonal
elements of the viscosity tensor 5/, such as the odd viscosities
n{ and ng. More specifically, for example, 7{ corresponds to
the matrix element 1°°, which relates the simple shear rate
0 = é4p104 = Bty + dyu, to the pure shear stress 0"’ =
o, ﬂrgﬁ = oy, — oy,. The physical interpretations of the re-
maining viscosities can be deduced analogously.

IV. THEORETICAL RESULTS

The hydrodynamic equations of the 3D-CSRD can be
derived from the kinetic theory. Here, we employ a nonequi-
librium kinetic approach, which was previously utilized by
Pooley and Yeomans to derive the hydrodynamics and trans-
port coefficients of the conventional SRD [34]. In this method,
we assume the system is in a state of local equilibrium,
where the single-particle distribution function is characterized
by the local density, flow velocity field, and temperature.
Under the molecular chaos assumption, we evaluate how
the distributions of conserved quantities evolve under the
3D-CSRD dynamics [Egs. (1) and (2)]. This allows us to
determine the specific forms of the conserved fluxes, from
which the macroscopic hydrodynamic equations and trans-
port coefficients are ultimately obtained. In this section, we
summarize the main results of this lengthy kinetic derivation,
including the continuity equation, the Navier-Stokes equation,
and the viscosity tensor of the 3D-CSRD, while leaving the
exhaustive derivation details in Appendix A for reference.
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The hydrodynamic equations (including the continuity
equation and the Navier-Stokes equation) for the 3D-CSRD
are generally written as

dp
- = — 80( o>
dr poalt
dua _ (15)
- OuBs
P = 80ap

where p = p(r, t) is the mass density field and u, = uy(r, t)
denotes the flow velocity field. The stress tensor o,p splits
into a hydrostatic part and a viscous part: 0,8 = aolzﬂ + 0,
Furthermore, according to the momentum fluxes originating
from the streaming step and the collision step, the stress tensor
can also be naturally decomposed into a kinetic part (denoted
by the superscript kin) and a collisional part (denoted by the
superscript col), respectively. This double decomposition can
be explicitly written as

Oup = 0;3,3 + 0,8
h,kin h,col v,kin v,col
_( otﬂ +Gaﬁ )+( otﬂ +Gaﬁ )

We first illustrate the hydrostatic stress, which is purely a
pressure term originating solely from the streaming step,

(16)

The pressure here follows the equation of state for an ideal
gas,

P = pkgT /m, (18)

where kg is Boltzmann’s constant, T is the temperature, and m
is the mass of a fluid particle. We remark that the hydrostatic
torque and shear stress are absent in the 3D-CSRD because
the additional rotation operation R® does not generate a net
torque or shear. This highlights the equilibrium nature of the
model and distinguishes it from the chiral active fluids [10],
which possess a nonvanishing hydrostatic torque driven by
their activity.

The viscous stress is o), = O'Vkm + Uvg(ﬂ, where the ki-
netic and collisional parts are both nonzero and can be
expressed as kam ”glflzlwéuv and avﬂc‘)l 155,00 €y There-
fore, the VlSCOSlty tensor consists of two parts, and the viscous
constitutive relation is written as

. ki 1 .
00‘;,5 = Napuveuv = (nalfr}luv + ngc:‘}uv)ep-v' (19)

Expressed in terms of the basis {1/} introduced in Sec. III, the

aﬁﬂ = o(fﬂkm = —PSyp. (17)  viscosity tensor reads
J
[3¢/2 0 0 —n4 0 0 7 0 0
0 NR.1 R 0 0 0 0 mng, mpa
0 —ng NR.1 0 0 0 0 o2 Mo
na 0 0 nR,2 0 0 mngs O 0
p=2| O 0 0 0 w1 ng 0 0 0 (20)
0 0 0 0 -n¢ w0 0 0
ne 0 0 —1H.3 0 0 w3 0 0
0 noa  —Moa O 0 0 0 n3
0 —Ng2  —Noa 0 0 0 0 —ns o

which shows that there are 14 nonvanishing viscosities in the total viscosity tensor of the 3D-CSRD. Compared to the general
form of the viscosity tensor in Eq. (12), five viscosities (1§, n?, ’75,1’ nerz, and ner) are absent in the 3D-CSRD. As stated in

Sec. 11, the vanishing of these viscosities is fully consistent with the microscopic reversibility of CSRD.

The kinetic viscosity tensor contributes to five independent viscosity coefficients, and its matrix representation is given by

0O 0 0 0 0 0 0 0 0
0O 0 0 0 0 0 0 0 0
0O 0 0 0 0 0 0 0 0
0O 0 0 0 0 0 0 0 0
=200 0 0 0 g g0 0 0 2N
0 0 0 0 —pokim o ki 0 0
0O 0 0 0 0 0 pkn 0 0
0 0 0 0 0 0 0 pkin o pgkin
0 0 0 0 0 0 0 —pgkn pkin

The explicit expressions for these five kinetic viscosities separately are

kin

1

kT
= p2= At
m

A(l — gcos?20)
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T
b =pB—At{
m

A1l — gcosB) 1}
(A —14eM)[(1 —gcosf) 4+ ¢2sin*0] 2]’

kgT
//ngm—pB—Al‘[

5A
— 1 s
A—=1+e*)2 —cosw — cos2w) :|

Aq sin 26

(A —1+eM)[(1 —gcos20) + ¢*sin>26]
Agsin 6

2m
77(lz,kin — —plﬂA
m
okm — pkB At
m

(A —1+e)[(1 —gcosb) + ¢2sin’ 6]

(22)

where A = pl3/m (I being the size of the collision cell) represents the average number of particles per cell, and g is a function

of w defined as

q= %(1 + 2cosw + 2 cos 2w).

The collisional viscosity tensor contributes to all 14 viscosity coefficients,

_3Ccol/2 0 0 772 col
I
e 0
ng,col 0 0 n%olz
=2 0 0 0 0
0 0 0 0
ne: col 0 0 _ nch3ol
0 r]chlol . 77(& czol 0
| 0 —770Q c201 UCQ clol 0

All these collisional viscosities are linear combinations of the

same three factors n?’l, ng‘ﬂ, and )7“’1

1 1
col __ 1 col col col __ col col
=30, Mg =My 771 4fn2 )
1 1
ncol _ MLO] _ncol ncol’
R2 = oM Zf 2
1 1
col __ col col
2 s
3 2[ 2
e,col __ 2\/— e,col __ 1 col
s = 3 —= Mo \/_ s
77(1) col 27)0 col — 2}70 col _znéczol =1 n§017
1
o,col __ o,col __ col
’7 - 2 ) - ’7 ’ (25)
A 3 % 3
with
A—14e*
TOI %[9 — (1 4+2cosw)(1 +2cosb)],
3m(h —1+e*
col — _ [m(IOSZAj “ (1 4 2c0s0)(1 — cos ),
A—1+4e*
ool _ %(1 +2cos w) sin 6. (26)

Using Egs. (21)—(26), one can obtain the complete ex-
pressions for every viscosity in the 3D-CSRD, which are
summarized in the Appendix B.

(23)

0 0 poc 0 0

o 0 0o g g

0 0 0 ngs gy

0 0 gy 0 0
pset gyt 0 0 0 (24)
—p0ot sl 0 0 0

0 0 0 0

0 0 0 Mgo] 77(2) ,col

0 0 0 =¥ g

A. Navier-Stokes equation

After transforming the viscosity tensor (20) into its repre-
sentation in the tensor product basis {e, ® eg}, the constitutive
relation in Eq. (19) becomes

Oag = 08apV - u+ 1O uy + Oyug — 8,V -ub)
+ 12[8:p(B:uy + B1t") + 8:0(D;uy + dpu )]
+ 13(8,5 VL - w4 28:48.40.u; — 3865V - 1)
+ nr,1[0gUe — Oultg — (8ﬁluj - Bjué)]

+ nra g uy — Oy uy)

+ 277Q,1(5zﬂaz”
+ V20 [4845

+ 0 (uy + 05 ul) + 208 5 (fua —
— 18820 (Vjuz + 0.14y) + 8.p(5uz + 0.u})]
+ np(dpuy + dgug —

_Szaaéuz)
— (8apV 1 - ut +8 V u)]
dpitg)

aau/’g + 0 up), 27)

where we have introduced the notations 8jﬁ = 8ap — 8:040:8,
= 50”31,{,3, Ba = Ezaﬁaﬂ, and 8 = (SL Bﬂ We
also utilize the relatlons N3 = 27]Q!2/«/§ and ng = \/gnQ,z
implied by Eq. (25) to simplify the expression by absorbing
the terms involving 77 5 and nj into those with 77, ,. Substi-
tuting the constitutive relatlon in Eq. (27) and the hydrostatlc
stress in Eq. (16) into Eq. (15) yields the specific form of the

M = EzapUp, U
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hydrodynamic equations for the 3D-CSRD,

dp
- — _pV.u,
dr P
du . . A
pa =—VP4+#,V(V - -u)+7,(Vo,u, +€.0,V -u)

+ AV2U + 2518, VU + o078 + T10538,02u,

+ i,V + [V (V- u) + VAV - w)]

+ Mo (370* + 8,9,V - u* + V*ou,), (28)
where the coefficients are defined as

fl = u1 +ng2,

. 1 272,
=<+ gll«s —NR2 — Tm,

flast = H2 — w1 + MR — N2 — 21 4,
flz2 = p2 — M1+ 1r1 — MR2 + 21 4,
fles3 = M1 + 203 —4po + Mr2 — MR,
flp = Mo — 3 + k2 — Nr.1 + /2115,

1
flo = 5”7 + g — 21425

R 1
Nob = 577(1) - 7727

o 1 0 0
Nzo = _<§771 + 772)'

We remark that terms with viscosities
{nr.1, MR2, R3S NH.1s MRs Mas Ng2» Np.3) iN the constitutive
relation in Eq. (27) correspond to the antisymmetric part of
the viscous stress tensor. This reflects the fact that angular
momentum is not conserved in the 3D-CSRD model, a
characteristic that is also shared by the original SRD [29,35].
Although angular momentum is usually not conserved in
a wide range of odd fluids—such as chiral active fluids
driven by active torques or charged particles experiencing
the Lorentz force in a magnetic field—rendering these
rotational viscosities physically permissible, we emphasize
that care should be taken when the 3D-CSRD model is
applied to the study of odd fluids with strict angular
momentum conservation. On the one hand, the existence
of these viscosities does not alter the structural form of the
Navier-Stokes equation. On the other hand, the flow field
may still be quantitatively influenced when the stress tensor
is incorporated into the boundary conditions, as previously
demonstrated in the original SRD framework [35].

B. Simplified Navier-Stokes equation

We can significantly simplify the Navier-Stokes equa-
tion in (28) by setting w = 27 /3 and considering the limit
0] < 1.

First, we notice that @ = 27 /3 causes the two factors 75!
and ng"l in the collisional viscosities in Eq. (25) to vanish
[see Eq. (26)]. The physical reason behind this is that the first
moment of the rotation matrix is E[Ryg] = (1 4+ 2 cos w)dug,

which becomes exactly zero at w = 2w /3. This implies that,

in the sense of the first moment, the isotropy of the collision
step is fully restored, since ng‘;}w X (8o — E[Ryu]1)8p0 [see
Eq. (A20)]. Consequently, under the molecular chaos hypoth-
esis, the offdiagonal elements of 7 in Eq. (24) vanish, and
the diagonal elements reduce to

col __ , col

Ky = Hy

— 'ugol _ ;:ele col lncol. (29)

3 ,col
§§L0=

Second, in the limit |#| < 1, one can expand the kinetic
viscosities in Eq. (22) up to first order in 6, O(6), which yields
a remarkable simplification,

kin kin kin o,kin

phit = pSin = pking okt = _ppgkin, (30)

Finally, we introduce the following quantities:

A A
M= MU = U2 = U3, NR =T1NR1 =NR2,

no = 0§ = =23, (31)

to explicitly write the total viscosity tensor as

NaBuv = é‘(saﬁ(sy_v + nR(éaM(Sﬁv - Savaﬁu)
+ M(aauaﬂv + Savgﬁp, - %5(1/3511.\))
+ %no(szauaﬁv + 8zav8/S;L + Szﬂuaav + 8zﬁv80m)-
(32)

Additionally, we remark that the limit lim9_>0(—z—:‘:) =21is
2

fully consistent with the behavior of polyatomic gases in a
weak magnetic field [6].

Under these conditions, the viscous stress constitutive re-
lation reduces to

0up = {80pV - u + nr(0guty — Oulig)
+ Bty + duttp — 3845V - 1)
+ 300(Bpuel, + 0fup + 0uity + Ojua).  (33)

The hydrodynamic equations can now be simplified to

dp

= _oV.u,

a - P

du w2 .
paz—VP—I—r)V u+n,V(V-u)

+ VU + V(V )+ VE(V -u)], (34
where the effective transport coefficients are defined as

p=a+u =g Re= gt (35)

V. SIMULATION MEASUREMENT OF THE VISCOSITIES

In this section, we measure all of the elements of the
Co viscosity tensor [Eq. (12)] in the 3D-CSRD model and
compare them with the theoretical results derived from the
above kinetic method. We use the nonequilibrium route to
calculate these viscosities in simulations. Broadly speaking,
we first generate some velocity gradients and quantify the
induced stress and then use the constitutive relation Eq. (9)
to obtain the viscosities.
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A. Determination of the viscosities

We divide the constitutive relation into three parts named
Part-(5, 6), Part-(2, 3, 8,9), and Part-(1, 4, 7), and measure
the viscosities that belong to these three parts, respectively.

Part-(5, 6) is defined as

5 )
oV 78 N9 ][ Oty — Oyt
=2 ) Y| St T i (36)
oV -m M1 8x”y + 8y"tx
witho¥’ = oV, — o',y and oV = 0"y + 0" To determine
viscosities w1 and n{, we here impose a velocity gradient

dylty = Yy, in the corresponding simulation.
Part-(2, 3, 8, 9) takes the form

o NR.1 77;72 775,1 775,2 azuy - ayuz

oV’ I e/ Y Moo —Non || Oxttz — 0ty

ot Noi  Ng2 M2 5 01ty + dyu,

oV Nga —Mga —Mo Mo | [ Bt + Oy
(37)

v2 v3 v8

where we have o
0"y, +0",, and 0*? = 0", + 0", We also define Mo

— gV v — AV v
=0 y; =0 23,0 " =0 'zx —0 7,0

no.1 + np, and No.1 = N9, — Mo, These symbols are ap-
plied to other viscosities in the same way. The viscosities in
this part are obtained by two independent simulations in which
the velocity gradients d,u, = y,, and d,u, = y;, are imposed,

respectively.
Part-(1, 4, 7) is given by

V! 36 my ng NECW
ol =2\ n{ mr2 n)s Oylty — Oylty ,
oV’ N Ngs M3 %(ZBZMZ — ety — dyuy)

(38)
where we have oV = \/g(ovxx +oVy+o¥y), o¥t=
0V — 0"y, and oV = \L@(ZO’VZZ — 0V —0'yy). Here, we
perform three independent simulations to determine the nine
viscosities. In the first simulation, we impose the gradient
dyu, as in the Part-(5,6). In the second simulation, we
impose a pure shear by setting 0,u, = —d,u, = a. In the
third simulation, we impose a volume deformation with the
deformation rate 3o by setting d,u, = dyu, = d;u, = «.

B. Simulation details

We nondimensionalize the physical quantities by setting
m= 1,1l =1, and kgT = 1 in the simulations. The viscosities
are measured at varying additional rotation angles 6 and fixed
parameters At = 0.1, A = 10, @ = 7 /3. The simulations are
carried out in a cubic box of size L, = 20.

1. Generation of the velocity gradients

The velocity gradients are generated by applying the Lees-
Edwards boundary condition [36]. The value of the gradients
mentioned above is set by yy, = y,; = ¥z, = 0.003 and a =
—0.0015. If the velocity gradient involves a system deforma-
tion, such as the pure shear and the volume deformation used
in determining the viscosities of Part-(1, 4, 7), the size of the
simulation box is changed accordingly with the corresponding

deformation rate. For example, the deformation along the z-
axis is given by

L.t + A1) = (1 + ., ADL,(1), (39)

where L,(z) is the size along the z-axis at time ¢.

Special considerations should be incorporated into the sim-
ulation of volume deformation. In the simulation, the particle
number is initialized as V' = AL,>. Considering that the de-
formation is contractive (o < 0), we set the initial box volume
by Vo = (L. + 1)*. We perform our measurement only when
the volume is in the vicinity of L2, i.e., [0.95L2, 1.05L?]. The
contraction will increase the temperature, so we must keep the
temperature of the system fixed (kg7 = 1). Here, we apply the
Maxwell-Boltzmann scaling thermostat, a thermostat widely
used in the traditional SRD simulations [37], in the simulation
to realize an isothermal measurement.

2. Measurement of the stress

We measure the stress in the simulations by counting the
momentum across a given plane. The method of counting is
different between the kinetic part and the collisional part of
the stress. The kinetic stress at time ¢, denoted by a;‘;“(t), is
calculated by accumulating the net momentum across the -
plane during a streaming step,

kin m
D= XiCia- 40
Oup (1) AlA, : XiCi, (40)

Here, the summation runs for the particles across the g-plane
(a plane with normal vector along the B-axis) within a step,
Ayg is the area of the plane, ¢ £ p — u is the peculiar velocity,
and y; = 1 (or —1) if the particle i moves along the same (or
opposite) direction of the plane’s normal vector. The colli-
sional stress is calculated in a collision cell. If a given B-plane
divides a cell, we record the total change in momentum within
the half of the cell during a collision step; thus, the collisional
stress is computed as

col

o) = = > (ialt + A —via(), (D)

m
I2At
where the summation runs for every particle in the half of the
cell. Then both parts of the stress are averaged over time and
across the ensemble.

We first test the hydrostatic stress of 3D-CSRD in simu-
lation. The results (see Fig. 1) show that there exists only a
kinetic pressure part of the hydrostatic stress. Furthermore,
we find that the pressure of the 3D-CSRD follows the equa-
tion of state for the ideal gas, namely, P = pkgT /m. This
is consistent with our theoretical prediction above [see Egs.
(17) and (18)]. This consequence allows us to regard the
total stresses o>~ measured in simulations as the viscous
stresses V27, i.e., 0% = 022, For the first viscous stress

vl

oVl = \/g (0" + 0y 4+ 0";), we calculate it in simulations

by subtracting the pressure from the total stress,

2
oVl = \/;(UM + oy + 0 + 3pkT /m). (42)
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FIG. 1. Kinetic and collisional parts of hydrostatic stress mea-
sured in simulations with different 6. Apart from the kinetic pressure
(a), other parts are approximately zero. The solid line refers to the
theoretical value. Parameters: At = 0.1,A = 10, w = 7 /3, kgT = 1.

C. Viscosities obtained from simulations

We obtain all of the viscosities of 3D-CSRD fluids via the
methods above. The simulation results quantitatively agree
with our theoretical predictions. We show three independent
components of collisional viscosities [i.e., 7', n5°', and 7§
in Egs. (25)] and five nonzero kinetic viscosities [i.e., y,ll““,
pkin | ykin pokin “and p28" in Eqs. (22)] in Fig. 2, including
both simulation and theoretical results. A slight difference
between the simulation data and theoretical values in kinetic
viscosities [Figs. 2(d)-2(f)] may arise from the molecular

(a) 10

chaos hypothesis employed in the derivation. In Fig. 2, the
viscosities 7%, n5°!, and n§® are obtained from the data of
e, 15, and 07 via the following relations according to
Egs. (25):

2
i = < (201 + 1%h)s

w

4
r’col — ncol _ 77col ,
2 ﬁ( R,1 R,2)
ngol — Zntl),col. (43)

We provide complete measurement results of all viscosities in
the Appendix B.

VI. CASE STUDY: ODD PLANAR POISEUILLE FLOW

In order to validate our simulation model and the hydrody-
namic equations derived above, we study the Poiseuille flows
of odd fluids by means of both simulation and theory in this
section.

We confine the CSRD fluid between a pair of planes sep-
arated by a distance L, with the no-slip boundary condition,
and drive the fluid via a gravity g parallel to the planes. The
no-slip boundary condition is realized by the bounce-back rule
on the boundary walls. The gravity is performed on the fluid
particles in the streaming step as follows:

Failt + A1) = g i(t) + Vo, (DAL + S8 AP,
va,i(t + At) == va,i(t) + gotAt- (44)

Here, we again use the Maxwell-Boltzmann scaling thermo-
stat in the simulation to keep the temperature fixed.

Three distinct scenarios of planar Poiseuille flow in the 3D
odd fluids are illustrated by the sketches in Fig. 3, classified
according to the direction of g and the position of the bound-
ary walls. In system (a) [Fig. 3(a)], the gravity is along the
z-axis. In system (b) [Fig. 3(b)], the gravity is not along the

FIG. 2. Kinetic and collisional parts of viscosities measured in simulations with different 6. Here, panels (a)—(c) are the collisional
viscosities and panels (d)—(h) are the kinetic viscosities. The symbols represent the simulation results and the solid lines correspond to the
theoretical predictions. Parameters: At = 0.1, A = 10, o = /3, kyT = 1.
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FIG. 3. Planar Poiseuille flows in 3D odd fluids. (a) g = gé, and the fluid is confined in the y direction. (b) g = gé, and the fluid is confined
in the z direction. (c) g = gé, and the fluid is confined in the x direction. The parameters of the CSRD are set to At = 0.8, A = 10, kT =1,
o =m/3,and & = 57 /9. The simulations are performed in a cubic box of dimension L = 20, and the periodic boundary conditions are applied
to the unconfined directions. The symbols A represent the simulation data and the solid lines are the corresponding theoretical predictions.

z-axis, while the fluid is confined in the z direction. In system
(c) [Fig. 3(c)], the gravity is not along the z-axis and the fluid
is also not confined in the z direction. The simulation results
are given in Fig. 3. For comparison, we analytically calculate
these flows by solving the Navier-Stokes equation [Eq. (28)].
The control equations of flow in system (a) are derived as

Nadju; = —pg,
2, —
E)y u, =0,
8P =0, (43)

where 1, = ng1 — 21 | + n2 and P = pkgT /m. Combining
the no-slip boundary condition and u, = 0, we obtain the
solution,

u, =0,
08

U =3 y(L —y). (46)
Na

This flow is totally consistent with the normal fluids and not
affected by the odd viscosities. The profile of u, and the corre-
sponding simulation result are plotted in Fig. 3 (a). However,
in systems (b) and (c), situations are different.

For the flow in system (b), we have the following control
equations:

nbazzux + nu,bazzuy = 09
r/bazzuy - no,bazzux = —pP&
9.P =0, 47)

where n, = ngr1 + 205 1 + K2, Nop = Mg — 203, — 13, and
P = pkpT /m. Also applying the no-slip boundary condition
and u, = 0, we have

A
u, = —¢Z(L —2),
2(Mp + ApNo,b)
P -2, (48)

Uy = ————7
Y200 + AbTos)
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with A, = 1,/1n5.- We note, in this condition, the viscosities
induce a flow perpendicular to the gravity g [see Fig. 3 (b)].
The control equations of the flow in system (c) are

no,caxzuy = 8XP,

nca)?uy = —pP§,
%u, =0, (49)

where 1. = nr2 + w1, Noc =17 — 20,5, and P = pkgT /m.
Here, the density field p = p(x) obeys the normalizing condi-
tion fol‘ pdx = poL with py the average density. The solution
of this flow is

_ _Yepok .
L -l '
pogLl (1 —e77% x
Uy = ——7 7 )
NeYe \1 —e7% L
u, =0, (50

__ MmNy

where y, = kT The velocity and density profiles are shown
in Fig. 3(c). In this case, the odd viscosities give rise to a
Hall-like (transverse) mass transport which is also consistent
with the phenomenon in 2D odd Poiseuille flow studied in our
previous work [30].

The excellent agreement between theory and simulations
confirms that the derived hydrodynamic equations accurately
describe the 3D-CSRD fluids. These results also demonstrate
that the 3D mesoscale fluid exhibits rich and abnormal trans-
port phenomena caused by its odd transport coefficients.

VII. CONCLUSION

In this work, we develop a mesoscale simulation model for
3D odd fluids (3D-CSRD). We have demonstrated that this
model correctly captures the viscosities and hydrodynamics of
odd fluids with Cy cylindrical symmetry through theoretical
derivation and simulation. Thus, the 3D-CSRD provides a
highly efficient platform for studies on intricate hydrodynam-
ics of 3D odd fluids.

With the help of the 3D-CSRD approach, simulations of
odd complex fluids can be directly performed. Since the
CSRD is an extension of the well-established SRD, the
simulation techniques for complex fluids used in SRD are
also applicable to the CSRD. For example, to simulate odd
colloidal suspensions with CSRD, we can directly employ
the hybrid MD-SRD method [27]—a method for simulat-
ing mesoscopic suspensions—in which interactions between
colloidal particles and fluid particles are properly taken into
account, and the colloidal equations of motion are solved in
the streaming step via the velocity Verlet algorithm. So, the
proposed CSRD approach paves the way for investigating odd
complex fluids.
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APPENDIX A: THEORETICAL DERIVATION
OF NAVIER-STOKES EQUATION AND VISCOSITIES

We derive the Navier-Stokes equation of the 3D-CSRD by
using a kinetic approach proposed by Pooley and Yeomans in
their derivation [34] of the hydrodynamic equations for the
original SRD.

We denote the single-particle distribution function of
CSRD by f(r, v), which is normalized by f drdvf = mN.
This gives the mass density p(r) = f dvf. Proceeding, the
distribution of a quantity X = X (r, v) in space is defined
by (X(r,v)) £ % [ dvX f. In particular, the flow field u(r)
is defined as u(r) = (v). Define the velocity moments as
Mgg... 2 ((vy — ug )(vg — ug) - - - ). The second moment is re-
lated to the temperature by 67 £ kT /m= %Maa. We focus
on the hydrodynamic behavior of the CSRD fluid in the near-
equilibrium state. So, we assume that the fluid is in a local
thermodynamic equilibrium and the conserved quantities vary
slowly in time and space. These allow us to take the n-th-order
gradients of the conserved quantities as small quantities of
magnitude O(8"), and express f(r, v) via local thermody-
namic quantities as

Frv) = p(r) g(v—u(r)>
’ 0:2(r)°\ Vor@r) )’

with g(x) being a function of the dimensionless quantity x.

The conservation laws of mass, momentum, and energy
lead to the hydrodynamics. We denote the conserved quan-
tity by QO = Q(v) and the corresponding density and flux by
po = (Q)and J @ Then the general form of the conservation
equation is

(AL)

dpp + 3,49 =0. (A2)

However, the situation is of a subtle difference for the CSRD
because of its discrete-time dynamics. The flux of Q in the
CSRD (denoted by j@)) is the “discrete flux” and should be
treated as an average of the flux J'© during At,

1 t+At
@0 =+ / a1y =190 + 1), (A3)
t

where 7 € [0, At]. This relation gives JQ(¢) = jQ — 7).
We expand this at f to O(8), take T = At /2 for approximation,
and then obtain

At

JP0 =00 - T80 0O+06E). (A4
Both the streaming step and the collision step contribute to
the discrete flux j(?). We name these two parts the kinetic part
and the collisional part, respectively, and use the superscripts
kin and col to label them: j(@ = j(@-kin 4 j(O).col ‘\yith the

help of the local equilibrium distribution equation (A1) and
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the CSRD dynamics in Egs. (1) and (2), the specific expres-
sion of flux j{@ can be derived, and then the hydrodynamic
equation can be obtained.

1. Derivation of the collisional flux

The flux in the collision step can be easily derived using
the conservation of Q in each collision cell. We consider a
cell divided by a plane y = c. The average change of Q during
a collision in the upper half of the cell corresponds to the
discrete collisional flux j{-°". If we choose the center of this
cell as the origin, the discrete flux can be written as

1 12 1/2
o / dz/
2Nt J_yp 12

12
/ dyp(Q(v°)/m — Q(v)/m>},

])EQ) col

(A5)

where v¢ is the velocity of a particle after collision. Note that
here the position of the plane ¢ follows a uniform distribution
in[—1/2,1/2] [i.e.,c ~ U(—1/2,1/2)] because of the random
shift of the lattice. Generally, we have

1 1_[ <f1/2 )
_ dxg |-
le[ Beta —1/2

12
f dxup(Q0°)/m — Q(v)/m>}.

]éQ) col

(A6)

The mass transport is absent from the collision step so that the
collisional mass flux is zero: J{™-cl = jom.col — ),

It is useful to introduce a “single particle collision formula”
from the collision rule equation (2) to derive the collisional
momentum flux. We select one particle in a cell with N >
1 particles and denote its position and velocity before the
collision by r and v, respectively. Then we define the mean
velocity of the other particles by 9. Thus, the center-of-mass
velocity of this cell is

1 N-—-1
VUema = Nva + N
Using Egs. (2) and (A7), we can express the velocity after col-
lision of this particle by the following “single particle collision
formula”:

Ve (A7)

. N— )
VS = vy + T(Raﬁ — 8qp)(vg — Dp)

£ vy — Log(vg — Dp). (A8)

The particle number in a cell is assumed to follow a Poisson
distribution with the expectation value A. Therefore, the prob-
ability for N = g particles in the cell containing our selected
particle is P(N =g) = e *A7"!/(q — 1)!, ¢ > 1. Providing
more information about the rotation matrix here is necessary.
An arbitrary rotation matrix R,s = Rys(it, ¢) can be repre-
sented by

Rop(ft, ) = cos pdup + (1 — cos ¢)iigiig — sin @it &yap.
(A9)

By applying this, we have the explicit forms of R! p and Ra 'L
Raﬂ = coSwlep + (1 — cosw)ngng — sinwn, &,48, (Al0)

R}, = cos08up + (1 — c0s0)8:48.4 — sinbezap,  (All)

where the random rotation axis r is uniformly distributed on
the unit sphere. Next, we can calculate R,g = RWR)', p and
obtain
Ryp = coswcos08,p + (1 — cosw) cos Ongng

— sinwcos On, &4 + cosw(l — cos )88,

+ (1 — cosw)(1 — cos )5 4n;ng

+ sinw(l — cos0)847, &2y

—coswsinfeqp — (1 — cosw) sin Oe 1y np
(A12)

+ sin w sin 0 (18,5 — n;84p)-

The average of Ryp is
Rup £ E[Ryp] = 1(1 +2cosw)
X [cos 08,8 + (1 — c050)8,48.5 — sinBeg]. (Al3)
Now, we set Q(v) = p, in Eq. (A6) to calculate the discrete

+(Pa);col
1 1/2
_ dx. |-
I2At 1_[ (/1/2 i

momentum flux Jg ,
n#p

12
/ dxgp (v, — vg) |-

The average change of the velocity E[{v, — v,)] in Eq. (A14)
can be derived by taking the average of Eq. (AS8),

. N—-11]~-=
E[(vs — va)] = E[T}(Raﬂ — 8ap)(ug — U p)

j f(}pa ),col

(Al4)

N —
= ]E[ ~ }(Ra,3 8up)ry dyug + O(8%).
(A15)
In the first equality, 7, is averaged with respect to the velocity
and the position of all other particles, and thus the result is the

flow velocity at the center of the cell uy. After calculating the
integral in (A14), we obtain ](”“) col.

(pa),col __ —A
=——OX-1 R
Jg TN, ( +e ")

We note the jfgp -0l s O(8), so according to Eq. (A4), the
collisional momentum flux has the same form as Eq. (A16),

— Sau)dpguoputy,. (A16)

(pa),col A Arcol
J P = T

—— (= 1+ ) Rap — Sup)3py 0t + O(S%),

(A17)

121Az

where we use T, to represent the momentum flux. Hence, we
have the collisional stress aof%] = —Tofg'. The collisional stress
only depends on the velocity gradients so that the collisional
hydrostatic stress is zero,

oyy® = 0. (A18)
Thus, we can write acgl =0, ﬂ“’l
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The collisional viscosity

In Eq. (A17), we can identify the collisional Viscosity as follows:

N = 121A —— (A =1+ e)(Sup — Ray)dp0- (A19)
Substituting the average of the rotation matrix [see Eq. (A13)] into this expression and rearranging it, we have
Nn = N5 8aSpy + 15070, 880 + 15 €S (A20)
where
-
ol MA—14e")
= — 99— (14 2cosw)(1 +2cos )],
i T08IA7 [9—( X )
A
w | NBmO =1+
= — 1+ 2cosw)(1 —cosb),
1, 1081 As ( ) )
A
ol MA—1+4e") .
=—————(14+2cosw)sinf. A21
3 36IAT ( ) (A21)
By using the orthogonality relations equations (8) in Eq. (A19), the collisional viscosity tensor represented by basis {!} is given
by
n(]:ol 0 0 _\/>nuol 0 0 \/? col 0 0
0 7,}?ol + 2[ ngol 3 77col 0 O \/'5 r];ol é ngol
O _1 ngol nTol + zf }’]501 0 0 0 0 _1 ngol ?7’}50]
% ngnl 0 0 WTO] f ngol 0 0 f ngol 0 0
77C01 — 0 0 0 0 TI?OI \/’77501 1’]§°l 0 0 0
0 0 0 0 - et — el 0 0 0
_%77501 0 0 %ngol 0 0 n?o] + fngol 0 0
0 7%77;0] %ngol 0 0 0 0 n?ol + 2[ 77501 7%77;01
0 ; 77;0] % ngnl 0 0 0 0 i ngol n?ol + 2[ ngo]

(A22)
Finally, comparing this to the general form of the viscosity tensor equation (12), we obtain the collisional viscosities of
3D-CSRD listed here:

1 1 1
é_col 7,]col’ ncol MCOI — _ncol + T)col’
3 1 R1 — M2 1 4\/— 2
1 1 1 1 22 1
ﬁ}creOlz _ MCOI E)7(]:01 2\/_77(2:01’ MCOI _n(]:ol 2\/_77(2:01’ nﬁ,col — 3 r)eQClOl — \/gngol’
1 1
o,col o,col o, col 0 col col o,col __ o,col col
nyo =207 =20y Mg, =03, Ny = 2ng3 = —=n5
2 V6
77/61 col — nch;] nch;)l 77? col _ naclol —0. (A23)

It can be verified that the even collisional viscosities are positive definite, indicating that 3D-CSRD exhibits a correct dissipative
process in the collision step.

(

2. Derivation of the kinetic flux area D, which gives
Without loss of generality, we calculate the y-component of v a

the discrete kinetic flux at the origin ](Q) Kin (in the following, A Z{(Fx, ry e )l — vy AL <1y <O, |y — =] < ok

we use the subscript 0 to label the value of quantities at the Uy

origin). This can be written as the flux across the area centered L AD5

at the origin D = {(x, y, 2)||x], |z] < ¢, y = 0} during Ar, L S A (A25)

400 . . . .

(Q).kin _ The integration in Eq. (A24) can be calculated by performing
Joy ryw /7 N dv /A dro()f /m. (A24) the following variable substitution of velocity v — v’:

Here, the domain of the integration A is determined by the vVi—uy v—u (A26)

trajectory of a particle with velocity v that intersects with the /bro  Or
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and expanding p, u, 07 at the origin to O(§) as follows:

o = po+ re(dup)y + O(8?), (A27)
ug = op + ro (datp), + O(8%), (A28)
Or = 0o + 1o (307 )y + O(8?), (A29)

where ugg is also treated as (O(§), which is achievable by
choosing a suitable reference frame. Then Eq. (A24) becomes

©).ki Y
.(0),kin __ ’ .
Oy _Clet,/;OO dvf(o’v)

/drlQ(v)[Hira(aap)o}, (A30)
A m Lo

where v = (1 4+ ﬁra(aat%)o)v’ + ry(dqu)o, and A’ is the
transformed integration domain. We retain terms up to O(6)
in the integration of r in Eq. (A30). Thus, the required inte-
grals are just /© £ u21m [, drand IV £ azlm [ drre, which
correspond to the terms of order O(1) and O(§) in Eq. (A30),
respectively. These two integrals are given by [34]

10 = ! /dr
acAt Jy

W JEARCI)

_ 0
= vy — S A PR 2v{(yuty)o (A31)
9.0
o, B0 )+ v;(aauy)o}s
Oro
oL / drry = —2anfy. (A3
o a’At A 2 v

The discrete kinetic fluxes of mass and momentum can
be calculated by setting Q =m and Q = p, in Eq. (A30),
respectively,

JOR = O = pug — 5 Atde(pOr)
— L At3g(puguy) + O(8%), (A33)
S = gy + pMag
— 1007 At (g + dpuy + Supdyuy) + O(S2),
(A34)

in which we have removed the subscript 0 to represent the
fluxes at an arbitrary point. Note that the mass transport only
happens in the streaming step, so we have jm-kin = jm),
Using Eq. (A4), the mass flux and kinetic momentum flux are

derived. The mass flux can be directly calculated,

At
Ji" =Pt — =18, (pue) + du(pOr) + 3 (pugte)]

+ 0. (A35)

To derive the momentum flux, the second moment Mg should
be decomposed by Myp = Ordap + M,z with M, ; being the
traceless part. Then the term of time derivative in Eq. (A4)
will provide a term 8,49, (p67) with O(8) order and other
higher-order terms. The total form of the kinetic momentum

flux therefore is

TP = T = puaits + prSup + pMg
1
— EpGTAt(Bauﬂ + gty + 3q50y 1ty )

At
= 5 Sapdi (pOr) + O, (A36)
These fluxes can be simplified further. Substituting the
kinetic and collisional momentum fluxes [Eqs. (A36) and
(A17)] into the momentum conservation equation [Eq. (A2)
with Q = mv, ] yields

3 (pte)) + p(puptta) + da(pbr) = O(5%). (A37)
This simplifies the mass flux Eq. (A35),
T = puy + O(8%). (A38)

Similarly, the kinetic momentum flux will be simplified by
considering the energy conservation equation of the O(§) or-
der. Taking Q = E; in Eq. (A2) gives the energy conservation
equation,

3 (30(v%) + 8uga = 0, (A39)

where g, is the energy flux g, = JE and the first term is
3 (3p(v*)) = 8,(300r + 501°)

= 9,(300r) + O(8%). (A40)

Proceeding, we expand the second term: d,q, = Baqgi“ +
32q<°". Herein, the collisional term 9,,¢%"" is the order of O(8%)
at least, as inferred from the derivations in the 2D case [30].

The discrete kinetic energy flux calculated from Eq. (A30) is

JEOEY = 3 50w, + L pMpge — 3 Atdy (p07) + O(8%).
(A41)
Combining Eq. (A4), the kinetic energy flux is
as™ = 3p0ruq + 3 pMppa — 3 Atdy(p67)
At
- 007 3,1ty + O(8%). (A42)

Substituting Egs. (A40) and (A42) into Eq. (A39), the energy
conservation equation of the O(§) order is obtained,

3 (pbr) = —3pbrdaite + O(5%). (A43)

In the derivation, we treat the third momentum Mpgg, as a
quantity with the order of O(§) at least, because Mpgg, is
exactly zero in the equilibrium state. Using Eqs. (A36) and
(A43), the final expression of the kinetic momentum flux is

Takén = pugup + pOrdag + pM,s

— 1007 At (qup + dguy — 38,0, u,) + O(8%).

(A44)

The kinetic stress tensor can be easily read out from the kinetic
momentum flux Eq. (A44),

ouf = — pOrdus — PM,,
+ 1007 At (qup + dpue —

28.p0,1,).  (A45)
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Referring to Eq. (11), the hydrostatic part of the kinetic stress
only has a pressure term,

oM = _pg,

with P = p6r since the CSRD follows an ideal gas equation of
state in the equilibrium state. The viscous part is

pOr At

(A46)

O‘O‘;Yﬂkin = _IOMo,(ﬂ +

2
(30,1/!,3 + algua - —8aﬂ8yu],>.

3
(A47)
The kinetic viscosities are hidden in the second-order moment
M, f> which are derived below.

a. The velocity moment

During the streaming and collision steps, the single-
particle distribution f(r, v) is changed. The velocity moments
may also be transformed by these two steps. In general, we
can express the transformation relation of the velocity moment
during one CSRD step [f,t 4+ Af] as an iteration equation
M;;_A__’ =F [M.,.]. In the steady state, f(r, v) converges to
an invariant distribution, allowing us to calculate the station-
ary value of the velocity moment by solving the fixed point of
the iteration equation,

Myp.. = FiMyp..]. (A48)

Equation (A48) can be derived by separately analyzing the
streaming and collision operations.

Transformation in the streaming step. Herein, we denote
the quantities before and after the streaming step by the super-
scripts t and s, respectively. After being altered by streaming,
the single particle distribution becomes

fir,v) = fi(r —vAt,v).

Then, the second-order velocity moment after the streaming
step is given by

(A49)

where we set r = 0 for simplicity, with py and uj , being the
density and flow velocity after streaming, respectively. This
integral can be calculated by the same procedure used in the
derivation of Eq. (A24). Using the substitution Eq. (A26), we
derive the following transformation relations:

p* = p' — p' Atdyuy + O(S%), (A51)
1
ul, = ul, — At—34(p'07) + O(8%), (A52)
pz
M, = M, — 0r At (Buup + dpuug) + O(S). (A53)

The traceless part of the second-order moment is therefore
transformed by

My = MLy — 0r At(daup + dputg — 38ap0y10,).  (AS4)

We can express Eq. (A54) in the subspace spanned by basis
> via Egs. (6) as follows because M, is traceless and
symmetric:

M/S,S M/t,S éS
M/s,6 M/t,6 é6
MST | = | MY | —20rAt] 67 |, (A55)
M/s,8 M/t,S é8
M/s,9 M/r,9 é9

where &' follows the definition in Egs. (10).

Transformation in the collision step. To facilitate the cal-
culations in this section, we provide an alternative expression
of the collision rule equation (2). Consider a cell at position
& containing N particles, with velocities denoted as v®, i =

s 1 [t " B s 1, ..., N. Then we arrange these velocities by introducing the
Mo.p = s f_oo dof'(=vAt, v)(va —up) (vp = Mﬁ)’ vector v = (vV, ..., v™)T. Using Eq. (2) and the vector v,
(A50) the collision operation in cell &£ can be expressed as
J
v«;-(t + At) = C; . I);):(l‘), (A56a)
R:+ +(I —Ry) L — Ry) L —Ry)
1 1 1
v —Rg) Re+ 5 — Ry) v —Rg)
c=| " R vETEE (A56b)
N —Ry) NI —Ry) R + (I —Re)

where I is the 3 x 3 unit matrix and R; represents the rotation in cell §&. The matrix C¢ is orthogonal so that | det(C¢)| = 1. This

indicates the CSRD conserves the phase volume element.

We denote the distribution of a particle (with position r and velocity v) after a collision in the cell £ = &(r) by f*“(r, v). The

distribution f*(r, v) can be expressed by f*(r, v) as

fsc‘(r’ U) = E[fs(rs Rg_l . (l) - vcm) + vcm)]'

(AS7)

The average in Eq. (A57) is performed over other particles in the same cell as follows:

Fr ) =E[f(r Ry - (v = vem) + vem) ]

:I[*]|:/‘dv(2)~-~dv(N)fs(r,R,§1 (v —vem) + vcm) p(®, o™ @ EAg,...,r(N) EAE):|.

(AS8)
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Here, we use labels (2), ..., (N) to represent other particles
in the cell and define the area of the cell by A;. Next, we apply
the molecular chaos hypothesis to decompose the conditional
probability by

p@@, oM P e Ag, 1Y) € Ap)

N
= 1’[ p@? | r € Ay). (A59)
i=2
Using Bayes’ formula, the conditional probability of particle
(i) reads
p(v(i);,-(i) c AE)
pr € Ag)
~ [, drOpe e, v
fA; dr(i)pS (r(i))
)
pi(r)
In the last equality, considering the slow variation of the distri-
bution in space, we use the values of £ and p* atr (f*(r, v")
and p*(r)) to estimate their values in the cell & which signif-

icantly simplifies the derivations below. Therefore, Eq. (A58)
is simplified as

p(v(i) | r® ¢ Ag) =

(A60)

£, v) =E[ /dv(z)---dv(’v)

X R (0= Vem) + Vem)

e, v D) ,,m)} (A61)

Then, f* in Eq. (A61) can be substituted by f* via Eq. (A57),

1
e, v):E[W/dv(z)---dv(mfg(r, v;)}, (A62)

where we have defined the following relations:

i v = e v 0®, ™)

N
=[[re v, (A63)
i=1
v =, (A64)
and
‘D(i)/ = REI . (v(i) — vcm) + Ve (A65)

The relation equation (A65) can be rewritten by Egs. (A56),

v, = c; g, (A66)

where v = (v, v, ..., v™)T.
Eq. (A62) yields

Substituting this into

@, v) = E[w% / dv® .. .dv(N)fEs(r’ cg_l . vg)].
(A67)

Equation (A67) allows us to derive any quantities after the

transformation of the collision step. First, we can check that

the density (the zero-order velocity moment) is invariant in
collision,

+00
() = f dof“(r,v) = p'(@).  (A68)

o]

Other velocity moments after collision are formally expressed
by

1 oo N
M. = — / dvf*(r, v)M(v)
pSL _
o0

_1 ~
:E[(px)’v/dv‘?fg(” Cy' '”e)M(v)]’ (A69)

where we set M(v) = v, to express the first-order moment,
i.e., the flow velocity u;, and M(v) = (v, — u))-

(vg — ufgc) - - - to express other moments. In the calculation
of the integral in Eq. (A69), we use the substitution v — Cg -
vg. Then Eq. (A69) is simplified by

, 1 , - .
Mgy = E[W / dvgfi(r,ve)M(w —L- (v — v))}
=E[M@—L-(v—1)))']
= E[(M(v))"], (A70)

where 1 is the mean velocity of (2)-(V) particles as defined in
Eq. (A7), and v¢ and L are the quantities defined in Eq. (AS8),

i.e., the “single particle collision formula,”
v“=v—L-(v—19). (AT1)

In the following, we define the notation ({-)) by ({-)) = E[{(-)*]
for convenience so that Eq. (A70) can be simply written as

My = ((M(°)). (A72)

The first-order moment is also invariant under collision oper-
ation,

uy = ((vg)) = ((va))

s
= U,.

— E[Legl{{vg — Dp)) = ({va))
(A73)
Therefore, the second-order moment can be derived by
sc c s c s c,.c 2

My = ({(ve, — ) (v — up))) = {(vavg)) + OG*).  (A74)
Inserting Eq. (A71) into this and using the molecular chaos
hypothesis ({({vy Dg)) = 0), we obtain the transform of velocity
moment in the collision step,

Map = LopuM-

(A75)

where
, 1 N-—1
‘C‘aﬂpw = E[ﬁ}gaugﬁv + ]E[T:|]E[ROW,R/SU]- (A76)

Next, we go to calculate the average E[R,.Rg.],
which equals Riy.Rﬁr]E[R)l,ﬂRiv]. Expanding R}, via
Eq. (A10) and using the averages about the random
rotation axis [E[ny] =0, E[n.ng] = %80(,3, E[ngngn, ] =
0, E[nyngn,n.] = %((Saﬂ(Sw ~+ 84y 88; + 8ar8p,y ) Tesults in
E[R],R!,] = V8,800 +qP8, 8,0 + 8,80,

yu'tTy

gV = %(4 + 8cosw + 3cos2w),
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¢? = % (2 — cosw — cos2w), We use Eq. (A11) to replace the additional rotation matrices
5 | R4 in Lyp,, and then obtain
¢ = —L(1+2cosw— 3cos2w). (A77)
1 N —1
Lopur = <]E[N] +qE|: ¥ ]ﬂ”)aaﬂaﬂv
Thus, £, Buv reads
N-—-1 N-—-1
+pE|:—]5a S + E[—}
Ll = E[l}s 8pv + IE[N—_ 1](q(1)R2 R} v LN
v o v v
afu N I3 N aptp x [S(Z)(saufgv + T;ﬂsﬂv) +S(3)(8auszﬂv +8zau8ﬁv)
@ 3)p2 p2
+qP8up8 +qVRE R, ). (AT8) + 5D (1) 0 + EcanThy) + 571,74,
+ S<6)8zau81,3v]v (A82)

In Eq. (A75), the symmetry of the moment (M(;/S =My,)
allows the term of ¢© to be absorbed into the term of ¢(').  where the coefficients s, i = 1, ..., 6 are

Hence, we rewrite Eq. (A75) as 1
s = o (3+4cost +2c0s26),

M)y = LoguwM,, (A79) 1 1
g e 5P = —3(cos9 — cos26), s = —g(sine + sin 26),

33

where
s® = —L(l —cosf)sind
V3 ’

1 N-1
Lo :E[—}sa 8 U+IE[—} PSupdun + qR2 R3)), 1
P N [P N (PBapd Rio) s<5>=§(1—cose)2, 5© = sin? 0. (A83)

2
p= q(z) = E(Z — COSw — CoS 2w), From Egs. (A79), (A81), and (A82), we can derive the trans-
form equation of the traceless part of the moment M, , as

1
4 (D 3) — A o )
q q + q 3 (l 2cosw 2 cos 26!)) ( 80) M‘/;é CaﬁMyMl/jv- ( A 84)

) ) o Again, we write this transformation under the representation
Here, the coefficients p and ¢ have the following quantitative  of basis 15 by using Egs. (6),

relation:

M/I+At — M/SL’ — L: 'M/S, (ASS)
3p+qg=1 (A81)  where
|
E[ﬁ] + g cos 26 —gsin260 0 0 0
gsin20 E[ 5]+ g cos26 0 0 0
N-—-1
L= E[T] 0 0 E[75]+4q 0 0 . (A86)
0 0 0 E[ﬁ]—i—qcos@ gsinf
0 0 0 —gsinf E[ﬁ] + gcos@

Stationary value of the velocity moment. The total transformation of M’ during [¢, 7 + At] can be derived by putting Egs. (A55)
and (A85) together,

M8 = £ .(M" = 207 Até). (A87)

Setting M"T2" = M" = M’ in Eq. (A87) yields a linear equation of the stationary value of the second-order velocity moment
M,

(L —1Isy45)-M =20 AtL - e. (A88)
Its solution is
v @ 0 0 0
-0, @. O 0 0
M =20rAtG-e, G=| O 0 ¢v. O 0 |, (A89)
0 0 0 ¢ —¢
0 0 0 ¢ ¢
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where

gcos20 — 1

N

1](gcos26 —1)*> 4+ g2 sin 29

g sin26

=E
N —

E[NN
=

2

>4

1](gcos20 —1)* 4+ ¢2sin®26°

gcost — 1

N
=E

1](gcos —1)* + ¢*sin* 6

gsinf

E[N
=

N —

|

|
E[N 1]7“

]

|

1](gcos® —1)* 4+ ¢2sin’ 6’

b. The kinetic viscosity

Translating Eq. (A47) into its form represented by °~ and replacing the moment M’ by the solution Eq. (A89), we obtain

the kinetic viscous stress of the 3D-CSRD as

oV =200, Ar(L67 — GY)e! (A90)
Therefore, the kinetic viscosity is
P = 200, A1(L87 - GY), (A91)
and can be expressed as the form of Eq. (12),
[0 0 0 O 0 0 0 0 0 ]
0 0 0 O 0 0 0 0 0
0O 0 0 O 0 0 0 0 0
0 0 0 O 0 0 0 0 0
gin=2/0 0 0 0 ki ok g 0 U (A92)
0 0 0 0 —pofim kim0 0 0
0 0 0 O 0 0 pukin 0 0
0 0 0 O 0 0 0 pkin ke
00 0 0 0 0 00—y ukin
where the nonzero kinetic viscosities are as follows:
A(1 — gcos 26 1
i = peTAt{ -1+ e‘*)[((l - 5cos29))2 F2sin?20] 5}’
km A(l —gcosB) 1
= bl {(A—1—|—e"\)[(1—qcos@)2+qzsin29]_E}’
S5A
" = E'OOTAI[(A — 14+ e )2 —cosa — cos2a) 1:|’
. g sin 26
e (=141 —qq c0s 20)? 4 ¢2 sin® 20’
0k = ooy At Aqsin (A93)

3. Navier-Stokes equation for the 3D-CSRD fluid

The derivation of the mass continuity equation is straight-
forward. Substituting the mass flux equation (A38) into the
conservation equation of mass, we get the standard form of
the continuity equation as

9 p + 0u(puta) =0 (A94)

(A—14e)[(1 —gcosh)* +

g*sin? 0]

(

Then we work on the conservation equation of momentum.
According to Egs. (A17) and (A44), the total momentum flux

of CSRD is
Typ = pugup + Pop — oofﬁ, (A95)

where 0,5 = Napuvdvi,. We can write down the follow-
ing Navier-Stokes equation via the momentum flux, the
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conservation equation, and the continuity equation:

du, v
,OT = —8aP + 8,3%5.
To obtain the standard form of the Navier-Stokes equa-
tion for the 3D-CSRD, we have to transform the viscosity
tensor back to the form expressed by the tensor product basis
e, ® eg. The orthogonality of ‘L’ b [Egs. (8)] gives the relation
between two expressions of the viscosity as

(A96)

1 1J_J

a,s N T, (A97)

Napuv =
From Egs. (A23) and (A93), we can derive 14 nonzero vis-
cosities of 3D-CSRD which are ¢, ng.1, nr2, t1, K2, U3,
5> Ng.1s M7s M55 N> NYos Mg 3> and ng. We use Eq. (A97)
|

to transform the viscosity tensor part by part. For example,
the w3 part of the viscosity tensor under basis {y} (i.e.,
3878’7y is transformed back to ust! a, 7., For the sake of

convenience, we expand the matrices 7/ p by Kronecker and
Levi-Civita symbols. For the matrix 7, we have 7], =

}&xﬂ + +/38,48.5. Then the term of mraﬂ /w can be re-
arranged as
U’?Ta ) MS 80{ ) v 380( 8 81}
ﬂu =3 (5/4 9210z (A98)

— 38,4848, + 981,18@351#6“).

After performing the similar procedure on other nonzero parts
of the viscosity tensor, we get the viscosity tensor as

Napuy = CapSuv + 10183, 85, + 85,85, — 8apdim) + 12(83,0:p820 + 8208285, + 85,882 + 8:a0:085,)
+ 1338288 (80,85, — 8 85,1

+ R (8,85, —

- ‘Szaazﬂguv + 35w8z55zu81v) + 17R,1[3a,45,3u
(Bupliy, + 8y

- 8av35u
58] + 2051 (85,8482 — 8:a8287,)

nz(gzaawgzﬂv + 8208708281 + 0200 Ezau + 8280:18200)

- 50”331,,_31\,
8/3#) + \/_77 [ aﬂa;w

+ n{])(aaugzﬂv + Sﬁugzotp,) -

+ n;(gzauﬁﬁv + aa,ugzﬂv - 8zav8ﬁu - aavgzﬂu) + 277&,2(5a;481/3v - szauaﬂv)~ (A99)

Here, 8, is defined by 8, £ Sup

relations 7, 3 = 2nQ,2/\/§ and n§ = —%Ué,z [see Eqs. (A23)]. Proceeding, the viscous stress constitutive relation, o,, =

— 8:00;p and the terms of 77 5 and nj have been absorbed into the 1y, , term by using the

NapuvOvlty, of the 3D-CSRD is written as
Oy =¢V - u+ Ml(Bfj ur + alu
+ 143(85p Vo - w4 2808501, —
+ nr2 (@3 Uy — dgug) + 20 [$8ap

+ 1] fuy + 05 ul) —
+ ng(0puy + gy —

Here, we have defined the notations u} £ e 4pug and ul =
8jﬂu5 (these notations are also applied to V = (9, dy, 9;)"
in the same way). Finally, with this constitutive relation, the
Navier-Stokes equation for 3D-CSRD becomes

du
Py = VP + 1, V(V -u)+ 7,,(Vo,u, +€,0.V - u)

+ AV2U A+ 18, VU, + 02007U + 7,538,071,
+ 7oV + Hp[V(V - u*) + V*(V - u)]

+ M0 (02u* + 2,0V - u* + V*d.u;),
(A101)
where the following coefficients are introduced:

X 1
&+ g = pi" + i — ﬁné‘)‘,
. 1 24/2 1 .
s = ¢+ 5113 —NR2 — Tnf = gﬂlgfm’

flest =t — 1+ Nr1 — Mr2 — 205

—(SaﬂV . u) + nR,l[aﬁua — 8au,3 — (8 u

dotty + Oyup) + 2n) 505Uy —

— 8 V1) + pal8:p(0:uy + g ) 4 8:0/(duy + Opu )]

— Oy uy)]

772[8za(3;uz + 3zu,§) + 8:p(dquz + d:uy)]

— Bap V1wt + 8.,V w)| + 219  (8:p0.uy — 8005 1)
dpu). (A100)
{
mn mn \/§ CO.
=" = W+ g,
flez 2 po — 1+ Nrt — MR2 + 205,
NEVE]
— Mlzqn _ Mll(m _ 7775017

—4ua +nr2 — MR

kin kin) _ E col

flzs3 = 201 4 23

=2 kin ) ,
( + M3 Ky 12 U

fiop 2 U2 — w3 + k2 — e+ V211°

— Mlzdn _ Mls(in7
A A 1 0 0 ) 1 nkm col
flo = n) +ng —20p, = 5 +n3,

2 2

A 1, 1 ok
flop = S = =0

2 1 o o 1 0,KI o,
nzoé_(znl"‘nz):_(z kn+ zkm)-
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Simplified Navier-Stokes equation

The Navier-Stokes equation will be significantly simplified
if we choose a small additional rotation angle # and set w =
27 /3. Under the condition of w = 27 /3, n5° and 75 become

zero [see Egs. (A21)] such that in Egs. (A23) &<, ngfl"l,
and all collisional odd viscosities vanish, while the equality
that 1§ = p$ = ps = nF) = 0y holds. In Egs. (A93),

the small 6 limit yields two approximate relations for the

o,kin

kin P |
, and fl, = 31}

where /) = n{*! 4 k", ), = fu

APPENDIX B: VISCOSITIES OF 3D-CSRD FLUID

We summarize the theoretical expressions and the numeri-
cal results of all the viscosities for 3D-CSRD fluid in Table I.
For simplicity, the quantities ¢, 7!, n5°!, n° are used in the

Kinetic viscosities lein _ Mlﬁi" _ Mgi“ and )ﬁ,kin — _2n¢2),kin. table, and their expressions are
By defining p £ M= Ha = U3, TR £ NR,1 = 1MRr,2, and 1, £ q= %(1 + 2cosw + 2 cos2w),
n{ = —2n3, the viscosity tensor now reads
o M =1+ e™)
Napuy = C8apSuv + NR(Baudpy — Savdpu) Ny = WD — (1 4+2cosw)(1+2cosh)],
+ M(‘stmsﬁv + 8av85/4 - 25Otﬂ‘S/w) 3m(A — 1+ et
| } ng"l:—f ( )(1+200sa))(1—0050),
+ jno(szauaﬂv + ezavaﬁu + gzﬁuaav + 8zﬁu8ap_)- 108/ At
A102) mh—1+e* .
( ng°1= ¥(1+2003w)s1n9.
The Navier-Stokes equation is simplified as 361 At
du
p— = —Vp+iViu+iV(V -u) Here, for the simulation result of bulk viscosity ¢, we only
dt display its collisional part because our current method cannot
+ 7 [V2u* + V(V - u*) + V*(V-u)], (A103)  measure a kinetic bulk viscosity with sufficient precision.
TABLE 1. Viscosities of 3D-CSRD fluid. Parameters: At = 0.1, A = 10, w = 7 /3, kgT = 1.
Viscosity Even/Odd Kinetic Part Collisional Part Simulation Result
e Even 0 5!
NRr.1 Even 0 %n?"l + ﬁng(’l
Nr2 Even 0 3 = ﬁ’l?ﬂ
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TABLE 1. (Continued.)

Viscosity Even/Odd Kinetic Part Collisional Part Simulation Result
M1 Even pkB»: “ (A—l+e*’~)[ﬁl—;qcz:;§€2)+q2 sin?20] %} %’7?01 - ﬁg’lgm

M2 Even pte g (x—1+e-*)?((11—_; f(f;))uqz inZe] 3} 3+ ﬁi”g(’l

Hs Even o [(AflJre’)‘)(ZSjcosa)fcosZw) -1 S+ ﬁn%"l

n4 Even 0 0

ne Even 0 \/Lé st
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TABLE 1. (Continued.)

Viscosity Even/Odd Kinetic Part Collisional Part Simulation Result

3 . col
N6.1 Even 0 -5
%, Even 0 0
e
%3 Even 0 0
4
2
Q. 0+ %
0 _ pkpT Athgsin 20 1. col
n Odd mG—1+e—)[(1—qcos 20)2+ 4% sin 20] 273 2
0 pkpT Atigsin 6 _ 1 col
2 Odd mO—1+e=")[(1—qcos0)>+4¢2 sin2 6] ]

025104-21



YUXING JIAO AND MINGCHENG YANG PHYSICAL REVIEW E 114, 025104 (2026)

TABLE 1. (Continued.)

Viscosity Even/Odd Kinetic Part Collisional Part Simulation Result

Nk Odd 0 Lol
A 0dd 0 L
UK Odd 0 0
urs 0dd 0 0
N9, 0dd 0 — Lol
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TABLE 1. (Continued.)

Viscosity Even/Odd Kinetic Part

Collisional Part Simulation Result

%5 0dd 0

1_,col
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