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Mesoscale model of a three-dimensional odd fluid
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Odd fluids are a class of fluids characterized by nonzero antisymmetric transport coefficient tensors induced
by broken time-reversal symmetry. In our previous work, a mesoscale simulation model for two-dimensional
isotropic odd fluids was developed. Here, we extend the model to the three-dimensional case that corresponds
to an anisotropic odd fluid with cylindrical symmetry. Using kinetic theory, we analytically derive the viscosity
tensor and Navier-Stokes equation for the three-dimensional mesoscale odd fluid, which we quantitatively verify
with simulations. Furthermore, through both simulation and hydrodynamic theory, we demonstrate that the
planar Poiseuille flow of the three-dimensional odd fluid exhibits exotic transport behavior. This work thus paves
the way for performing large-scale simulations to explore and exploit intriguing phenomena of odd fluids.
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I. INTRODUCTION

Different from normal fluids, odd fluids possess mi-
croscopic dynamics with broken time-reversal and parity
symmetries. This endows odd fluids with nonzero antisym-
metric terms of transport coefficient tensors, according to the
Onsager-Casimir reciprocal relations [1], which are odd under
time reversal. Examples of such odd fluids include electron
Hall fluids [2–5], polyatomic gases within a magnetic field
[6–8], chiral active fluids [9–12], and so on. The odd transport
coefficients can generate fluxes perpendicular to the corre-
sponding nonequilibrium driving forces, thereby enriching
hydrodynamics and transportation [6–8,12–18]. Furthermore,
this also implies that mixtures of odd fluids with immersed
mesoscale objects [14,19] (i.e., odd complex fluids) may ex-
hibit more diverse responses and dynamics than conventional
complex fluids.

The current simulation studies of odd fluids are pri-
marily confined to molecular-dynamics-type (MD) methods
[12–14,16,19]. Although such simulations can properly de-
scribe all microscopic properties of the systems, the cross-
scale interactions and detailed evolutionary dynamics make
it challenging and even impossible to use the MD-type ap-
proach in large-scale simulation studies of odd fluids and odd
complex fluids. However, in studies of fluid dynamics and
complex fluid systems, the slow dynamic collective-motion
modes (i.e., the hydrodynamic modes) are essential, and the
microscopic details of the fluids are unimportant. Motivated
by the considerations, the mesoscopic simulation models for
the normal fluids have been developed over the past few
decades, where real fluids are coarse-grained but the essential
hydrodynamic behaviors are retained. Prominent approaches
include the lattice Boltzmann method [20–22], dissipative
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particle dynamics [23,24], and multiparticle collision dy-
namics (MPC) [25–29], each considerably improving the
simulation efficiency of the traditional complex fluids.

Very recently, to address the lack of a coarse-grained
simulation approach for two-dimensional (2D) odd fluids,
we developed a mesoscale odd fluid model, named chiral
stochastic rotation dynamics (CSRD) [30], by extending the
stochastic rotation dynamics (SRD), a widely used version
of MPC. In our previous work, we demonstrated that the
CSRD correctly captures all the features of 2D odd flu-
ids. However, three-dimensional (3D) odd fluids are more
prevalent in the real world and hold greater significance in
terms of practical applications. Moreover, unlike their 2D
counterparts, symmetry dictates that 3D odd fluids cannot be
isotropic [31,32], thereby allowing more transport coefficients
to emerge. Therefore, it is of fundamental importance and in-
terest to develop a 3D mesoscale odd fluid model and explore
its intricate transport behaviors.

In this paper, we propose a 3D mesoscale odd fluid by
extending the 2D-CSRD model to the 3D case. Through a
kinetic theory, we then derive the Navier-Stokes equation and
viscosity expressions for the 3D-CSRD model, which are
quantitatively verified by performing 3D-CSRD simulations.
Furthermore, as a typical case study, we employ the 3D-CSRD
method to investigate the planar Poiseuille flow of 3D odd
fluids, revealing anomalous transport behaviors that are in
excellent agreement with hydrodynamic theory.

II. 3D MESOSCALE ODD FLUID: 3D-CSRD MODEL

In 3D fluids, the existence of nonzero odd viscosities
requires the breaking of isotropy. Here, we consider an
anisotropic 3D fluid with the cylindrical symmetry (i.e., the
rotational symmetry around a fixed axis, say, the z-axis) and
the broken mirror symmetry about planes including the z-axis,
since such odd fluids are the most common and the easiest
to realize [1,6,11,32]. The CSRD fluid is a particle-based
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mesoscale simulation model that consists of a set of N point
particles of mass m. The position and velocity of particle i
are denoted by ri and vi, respectively, and they are updated
through two alternate steps: the streaming step and the colli-
sion step. In the streaming step, the particles move freely,

ri(t + �t ) = ri(t ) + vi(t )�t, (1)

with �t the time step. In the collision step, the particles are
first sorted into the cells of a cubic lattice sized l according
to their positions. As in the traditional SRD, the cubic lattice
should be randomly shifted for every CSRD step in order to
preserve the Galilean invariance [33]. Then in each cell, the
following rotation-type operation is performed on the veloci-
ties of the particles,

vi(t + �t ) = vcm + R · (vi(t ) − vcm ), (2)

where vcm is the center-of-mass velocity of the cell, and R
is a rotation operator. The rotation consists of two parts:
R = R(2) · R(1). Here, R(1) = R(1)(n, ω) refers to a rotation
around a random axis n, uniformly distributed on the surface
of a unit sphere, by a fixed angle ω; while R(2) = R(2)(ez, θ )
is an additional rotation around the z-axis by an angle θ .

We comment on the physical motivation for the introduc-
tion of these two rotation operations. The random rotation
R(1) follows the conventional SRD scheme, which mimics the
velocity changes during real collisions among fluid particles
in normal isotropic fluids. However, in odd fluids, the col-
lisions among fluid particles break time-reversal and parity
symmetries. To realize such collisions in CSRD, we introduce
an additional rotation R(2) after the normal isotropic rotation
R(1). Because we focus on 3D odd fluids with C∞ cylindrical
symmetry, we choose the z-axis as the rotation axis, yielding
R(2) = R(2)(ez, θ ), where θ characterizes the strength of the
chirality.

The introduction of the additional rotation R(2) breaks
time-reversal and parity symmetries of the CSRD, render-
ing the 3D-CSRD fluid anisotropic with the C∞ cylindrical
symmetry. Consequently, 3D-CSRD may exhibit transport co-
efficients forbidden in 3D isotropic fluids, for example, the
odd viscosities. The CSRD model will reduce to the conven-
tional SRD model when θ = 0.

The CSRD inherits all equilibrium properties of the SRD,
and satisfies the particle number conservation and cell-level
momentum/energy conservation. In the absence of nonequi-
librium drivings, the CSRD fluid rapidly relaxes to an
equilibrium state with the Maxwellian distribution and the
ideal-gas equation of state [30]. However, the symmetry of
3D-CSRD is different from the SRD. Before providing the
hydrodynamic equations of the 3D-CSRD, we briefly intro-
duce the stress constitutive relation for the odd fluid with the
C∞ symmetry.

III. CONSTITUTIVE RELATION FOR ODD FLUID
WITH C∞ SYMMETRY

Generally, the stress of a Newtonian fluid is composed of a
hydrostatic part and a viscous part,

σαβ = σ h
αβ + σ v

αβ. (3)

The former is the stress nonvanishing even in the fluid without
any disturbance, while the latter describes the linear response
to velocity gradients ėμν � ∂νuμ,

σ v
αβ = ηαβμν ėμν, (4)

where ηαβμν is the viscosity tensor.
By considering the constraint of the fluid’s symmetry, the

forms of σ h
αβ and ηαβμν can be simplified. For fluids with

the C∞ symmetry, their hydrostatic tensor and viscous tensor
must be invariant under the C∞-group transformations (say,
the rotations about the z-axis). The simplified forms of the two
tensors have been obtained in a very recent work by Vitelli
et al. [32]. Here, we briefly summarize their results.

In general, the rank-2 tensors are represented by nine tensor
product basis eα ⊗ eβ . For example, a rank-2 tensor T is ex-
pressed as T =∑α

∑
β Tαβeα ⊗ eβ , and its components can

be arranged as a 3 × 3 matrix. To simplify, we construct a new
set of basis {ψ I} (I ∈ {1, 2, . . . , 9}) by the following linear
combination of the tensor product bases,

ψ I = X I
αβ (eα ⊗ eβ ). (5)

Under the new basis {ψ I}, a rank-2 tensor T can be expressed
by a 9 × 1 vector, T =∑I T Iψ I . Here, the coefficients X I

αβ

of this linear combination are determined by the irreducible
decomposition of the tensor product of two O(3) group’s
vector representations. Following the results of Vitelli et al.
[32], the transformation between these two bases reads

ψ I = 1
2τ I

αβ (eα ⊗ eβ ), eα ⊗ eβ = τ I
αβψ I . (6)

Herein, the coefficients are denoted by the matrices τ I
αβ—the

unnormalized Clebsch–Gordan coefficients,

τ 1
αβ =

√
2

3
δαβ, τ 2

αβ = εxαβ, τ 3
αβ = εyαβ, τ 4

αβ = εzαβ,

τ5 =
⎡
⎣1 0 0

0 −1 0
0 0 0

⎤
⎦, τ6 =

⎡
⎣0 1 0

1 0 0
0 0 0

⎤
⎦,

τ7 = −1√
3

⎡
⎣1 0 0

0 1 0
0 0 −2

⎤
⎦, τ8 =

⎡
⎣0 0 0

0 0 1
0 1 0

⎤
⎦,

τ9 =
⎡
⎣0 0 1

0 0 0
1 0 0

⎤
⎦, (7)

with δαβ the Kronecker delta and εαβγ the rank-3 Levi-Civita
tensor. τ I

αβ holds the following orthogonality relations:

τ I
αβτ J

αβ = 2δIJ , τ I
αβτ I

μν = 2δαμδβν, (8)

which implies the inner product of basis ψ I and ψJ is
〈ψ I , ψJ〉 = 1

2δIJ . In the representation of ψ I , the nine com-
ponents of a rank-2 tensor are classified into three parts: the
scalar part represented by ψ1, the pseudovector part repre-
sented by ψ2–4, and the symmetric traceless part represented
by ψ5–9. With the help of Eqs. (6), the viscous stress constitu-
tive relation Eq. (4) under the representation of ψ I reads

σ v,I = ηIJ ėJ , (9)
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with

σ v,I = σ v
αβτ I

αβ, ėI = ėαβτ I
αβ, ηIJ = 1

2τ I
αβηαβμντ

J
μν.

(10)
By using the new set of basis {ψ I}, we now obtain the

general expressions of the C∞-symmetric hydrostatic stress

tensor and viscosity tensor. The simplified hydrostatic stress
tensor is

σ h
αβ = −Pδαβ − τzεzαβ + γ τ 7

αβ, (11)

where P, τz, and γ are hydrostatic pressure, torque, and
shear stress, respectively. The simplified form of viscosity
ηIJ is

η = 2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

3ζ/2 0 0 ηe
A − ηo

A 0 0 ηe
s + ηo

s 0 0

0 ηR,1 ηo
R 0 0 0 0 ηe

Q,1 + ηo
Q,1 ηe

Q,2 + ηo
Q,2

0 −ηo
R ηR,1 0 0 0 0 ηe

Q,2 + ηo
Q,2 −ηe

Q,1 − ηo
Q,1

ηe
A + ηo

A 0 0 ηR,2 0 0 ηe
Q,3 + ηo

Q,3 0 0

0 0 0 0 μ1 ηo
1 0 0 0

0 0 0 0 −ηo
1 μ1 0 0 0

ηe
s − ηo

s 0 0 ηe
Q,3 − ηo

Q,3 0 0 μ3 0 0

0 ηe
Q,1 − ηo

Q,1 ηe
Q,2 − ηo

Q,2 0 0 0 0 μ2 ηo
2

0 ηe
Q,2 − ηo

Q,2 −ηe
Q,1 + ηo

Q,1 0 0 0 0 −ηo
2 μ2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(12)

Note that there are 19 allowed viscosities, and the viscosities
labeled by the superscript o are the odd transport coefficients.
Based on the transformation properties of these 19 viscosities
under mirror reflections about planes containing the z-axis,
we can classify them into two categories. For convenience,
we take the reflection y → −y as an example. Viscosities that
are invariant under this reflection (e.g., μ1(y) = μ1(−y)) are
the parity-preserving viscosities, while viscosities that change
sign under the reflection (e.g., ηo

1(y) = −ηo
1(−y)) are the

parity-violating viscosities. The parity-preserving viscosities
include

ζ , ηR,1, ηR,2, ηR,3, μ1, μ2, μ3, ηe
Q,1, ηe

s ,

ηo
Q,1, ηo

s . (13)

The parity-violating viscosities are

ηe
A, ηe

Q,2, ηe
Q,3,

ηo
R, ηo

1, η
o
2, ηo

A, ηo
Q,2, ηo

Q,3. (14)

If the fluid is microscopically reversible, the viscosity ten-
sor in Eq. (12) satisfies an additional symmetry dictated
by the Onsager-Casimir reciprocal relations [1]. The micro-
scopic reversibility here means that the microscopic dynamics
is invariant under time reversal combined with the inverse
of chirality, such as the reverse of enternal magnetic field
B and the overall rotational angular velocity �. Without
loss of generality, we assume that isotropy is broken by an
angular velocity � along the z-axis. The Onsager-Casimir
reciprocal relations require ηIJ (�) = ηJI (−�). We note that
the reflection y → −y corresponds to reversing the angular
velocity (� → −�), which implies ηIJ (y) = ηJI (−y). There-
fore, the parity-preserving viscosities must correspond to the
symmetric components of ηIJ , while the parity-violating vis-
cosities correspond to the antisymmetric components. Thus,
we conclude that, in microscopically reversible systems, the
odd transport coefficients within the parity-preserving class

(ηo
Q,1, ηo

s ) and the even transport coefficients within the parity-
violating class (ηe

A, ηe
Q,2, ηe

Q,3) must both vanish.
We finally provide a physical illustration for these nonzero

odd viscosities. Physically, the viscosity mainly arises from
the momentum transport induced by microscopic collisions
between fluid particles. In contrast to normal fluids, collisions
among particles in odd fluids with C∞ cylindrical symmetry
are chiral. This chiral scattering can give rise to the trans-
verse momentum transport, characterized by the offdiagonal
elements of the viscosity tensor ηIJ , such as the odd viscosities
ηo

1 and ηo
2. More specifically, for example, ηo

1 corresponds to
the matrix element η56, which relates the simple shear rate
ė6 = ėαβτ 6

αβ = ∂xuy + ∂yux to the pure shear stress σ v,5 =
σ v

αβτ 5
αβ = σ v

xx − σ v
yy. The physical interpretations of the re-

maining viscosities can be deduced analogously.

IV. THEORETICAL RESULTS

The hydrodynamic equations of the 3D-CSRD can be
derived from the kinetic theory. Here, we employ a nonequi-
librium kinetic approach, which was previously utilized by
Pooley and Yeomans to derive the hydrodynamics and trans-
port coefficients of the conventional SRD [34]. In this method,
we assume the system is in a state of local equilibrium,
where the single-particle distribution function is characterized
by the local density, flow velocity field, and temperature.
Under the molecular chaos assumption, we evaluate how
the distributions of conserved quantities evolve under the
3D-CSRD dynamics [Eqs. (1) and (2)]. This allows us to
determine the specific forms of the conserved fluxes, from
which the macroscopic hydrodynamic equations and trans-
port coefficients are ultimately obtained. In this section, we
summarize the main results of this lengthy kinetic derivation,
including the continuity equation, the Navier-Stokes equation,
and the viscosity tensor of the 3D-CSRD, while leaving the
exhaustive derivation details in Appendix A for reference.
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The hydrodynamic equations (including the continuity
equation and the Navier-Stokes equation) for the 3D-CSRD
are generally written as

dρ

dt
= −ρ∂αuα,

ρ
duα

dt
= ∂βσαβ, (15)

where ρ = ρ(r, t ) is the mass density field and uα = uα (r, t )
denotes the flow velocity field. The stress tensor σαβ splits
into a hydrostatic part and a viscous part: σαβ = σ h

αβ + σ v
αβ .

Furthermore, according to the momentum fluxes originating
from the streaming step and the collision step, the stress tensor
can also be naturally decomposed into a kinetic part (denoted
by the superscript kin) and a collisional part (denoted by the
superscript col), respectively. This double decomposition can
be explicitly written as

σαβ = σ h
αβ + σ v

αβ

= (σ h,kin
αβ + σ

h,col
αβ

)+ (σ v,kin
αβ + σ

v,col
αβ

)
. (16)

We first illustrate the hydrostatic stress, which is purely a
pressure term originating solely from the streaming step,

σ h
αβ = σ

h,kin
αβ = −Pδαβ. (17)

The pressure here follows the equation of state for an ideal
gas,

P = ρkBT/m, (18)

where kB is Boltzmann’s constant, T is the temperature, and m
is the mass of a fluid particle. We remark that the hydrostatic
torque and shear stress are absent in the 3D-CSRD because
the additional rotation operation R(2) does not generate a net
torque or shear. This highlights the equilibrium nature of the
model and distinguishes it from the chiral active fluids [10],
which possess a nonvanishing hydrostatic torque driven by
their activity.

The viscous stress is σ v
αβ = σ

v,kin
αβ + σ

v,col
αβ , where the ki-

netic and collisional parts are both nonzero and can be
expressed as σ

v,kin
αβ = ηkin

αβμν ėμν and σ
v,col
αβ = ηcol

αβμν ėμν . There-
fore, the viscosity tensor consists of two parts, and the viscous
constitutive relation is written as

σ v
αβ = ηαβμν ėμν = (ηkin

αβμν + ηcol
αβμν

)
ėμν. (19)

Expressed in terms of the basis {ψ I} introduced in Sec. III, the
viscosity tensor reads

η = 2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

3ζ/2 0 0 −ηo
A 0 0 ηe

s 0 0

0 ηR,1 ηo
R 0 0 0 0 ηe

Q,1 ηo
Q,2

0 −ηo
R ηR,1 0 0 0 0 ηo

Q,2 −ηe
Q,1

ηo
A 0 0 ηR,2 0 0 ηo

Q,3 0 0

0 0 0 0 μ1 ηo
1 0 0 0

0 0 0 0 −ηo
1 μ1 0 0 0

ηe
s 0 0 −ηo

Q,3 0 0 μ3 0 0

0 ηe
Q,1 −ηo

Q,2 0 0 0 0 μ2 ηo
2

0 −ηo
Q,2 −ηe

Q,1 0 0 0 0 −ηo
2 μ2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (20)

which shows that there are 14 nonvanishing viscosities in the total viscosity tensor of the 3D-CSRD. Compared to the general
form of the viscosity tensor in Eq. (12), five viscosities (ηe

A, ηo
s , ηo

Q,1, ηe
Q,2, and ηe

Q,3) are absent in the 3D-CSRD. As stated in
Sec. III, the vanishing of these viscosities is fully consistent with the microscopic reversibility of CSRD.

The kinetic viscosity tensor contributes to five independent viscosity coefficients, and its matrix representation is given by

ηkin = 2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 μkin
1 ηo,kin

1 0 0 0

0 0 0 0 −ηo,kin
1 μkin

1 0 0 0

0 0 0 0 0 0 μkin
3 0 0

0 0 0 0 0 0 0 μkin
2 ηo,kin

2

0 0 0 0 0 0 0 −ηo,kin
2 μkin

2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (21)

The explicit expressions for these five kinetic viscosities separately are

μkin
1 = ρ

kBT

m
�t

{
λ(1 − q cos 2θ )

(λ − 1 + e−λ)[(1 − q cos 2θ )2 + q2 sin2 2θ ]
− 1

2

}
,
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μkin
2 = ρ

kBT

m
�t

{
λ(1 − q cos θ )

(λ − 1 + e−λ)[(1 − q cos θ )2 + q2 sin2 θ ]
− 1

2

}
,

μkin
3 = ρ

kBT

2m
�t

[
5λ

(λ − 1 + e−λ)(2 − cos ω − cos 2ω)
− 1

]
,

ηo,kin
1 = −ρ

kBT

m
�t

λq sin 2θ

(λ − 1 + e−λ)[(1 − q cos 2θ )2 + q2 sin2 2θ ]
,

ηo,kin
2 = ρ

kBT

m
�t

λq sin θ

(λ − 1 + e−λ)[(1 − q cos θ )2 + q2 sin2 θ ]
, (22)

where λ = ρl3/m (l being the size of the collision cell) represents the average number of particles per cell, and q is a function
of ω defined as

q = 1
5 (1 + 2 cos ω + 2 cos 2ω). (23)

The collisional viscosity tensor contributes to all 14 viscosity coefficients,

ηcol = 2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

3ζ col/2 0 0 −ηo,col
A 0 0 ηe,col

s 0 0

0 ηcol
R,1 ηo,col

R 0 0 0 0 ηe,col
Q,1 ηo,col

Q,2

0 −ηo,col
R ηcol

R,1 0 0 0 0 ηo,col
Q,2 −ηe,col

Q,1

ηo,col
A 0 0 ηcol

R,2 0 0 ηo,col
Q,3 0 0

0 0 0 0 μcol
1 ηo,col

1 0 0 0

0 0 0 0 −ηo,col
1 μcol

1 0 0 0

ηe,col
s 0 0 −ηo,col

Q,3 0 0 μcol
3 0 0

0 ηe,col
Q,1 −ηo,col

Q,2 0 0 0 0 μcol
2 ηo,col

2

0 −ηo,col
Q,2 −ηe,col

Q,1 0 0 0 0 −ηo,col
2 μcol

2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (24)

All these collisional viscosities are linear combinations of the
same three factors ηcol

1 , ηcol
2 , and ηcol

3 ,

ζ col = 1
3ηcol

1 , ηcol
R,1 = μcol

2 = 1

2
ηcol

1 + 1

4
√

3
ηcol

2 ,

ηcol
R,2 = μcol

1 = 1

2
ηcol

1 − 1

2
√

3
ηcol

2 ,

μcol
3 = 1

2
ηcol

1 + 1

2
√

3
ηcol

2 ,

ηe,col
s = −2

√
2

3
ηe,col

Q,1 = 1√
6
ηcol

2 ,

ηo,col
1 = −2ηo,col

2 = 2ηo,col
R = −2ηo,col

Q,2 = 1
2ηcol

3 ,

ηo,col
A = −

√
2ηo,col

Q,3 = 1√
6
ηcol

3 , (25)

with

ηcol
1 = m(λ − 1 + e−λ)

108l�t
[9 − (1 + 2 cos ω)(1 + 2 cos θ )],

ηcol
2 = −

√
3m(λ − 1 + e−λ)

108l�t
(1 + 2 cos ω)(1 − cos θ ),

ηcol
3 = m(λ − 1 + e−λ)

36l�t
(1 + 2 cos ω) sin θ. (26)

Using Eqs. (21)–(26), one can obtain the complete ex-
pressions for every viscosity in the 3D-CSRD, which are
summarized in the Appendix B.

A. Navier-Stokes equation

After transforming the viscosity tensor (20) into its repre-
sentation in the tensor product basis {eα ⊗ eβ}, the constitutive
relation in Eq. (19) becomes

σ v
αβ = ζ δαβ∇ · u + μ1(∂⊥

β u⊥
α + ∂⊥

α u⊥
β − δ⊥

αβ∇⊥ · u⊥)

+ μ2[δzβ (∂zu
⊥
α + ∂αu⊥

z ) + δzα (∂zu
⊥
β + ∂βu⊥

z )]

+ μ3
(
δ⊥
αβ∇⊥ · u⊥ + 2δzαδzβ∂zuz − 2

3δαβ∇ · u
)

+ ηR,1[∂βuα − ∂αuβ − (∂⊥
β u⊥

α − ∂⊥
α u⊥

β )]

+ ηR,2(∂⊥
β u⊥

α − ∂⊥
α u⊥

β )

+ 2ηe
Q,1(δzβ∂zu

⊥
α − δzα∂⊥

β uz )

+
√

2ηe
s

[
4
3δαβ − (δαβ∇⊥ · u⊥ + δ⊥

αβ∇ · u)
]

+ ηo
1(∂∗

βu⊥
α + ∂⊥

β u∗
α ) + 2ηo

Q,2(∂∗
βuα − ∂βu∗

α )

− ηo
2[δzα (∂∗

βuz + ∂zu
∗
β ) + δzβ (∂∗

αuz + ∂zu
∗
α )]

+ ηo
R(∂βu∗

α + ∂∗
βuα − ∂αu∗

β + ∂∗
αuβ ), (27)

where we have introduced the notations δ⊥
αβ = δαβ − δzαδzβ ,

u∗
α = εzαβuβ , u⊥

α = δ⊥
αβuβ , ∂∗

α = εzαβ∂β , and ∂⊥
α = δ⊥

αβ∂β . We

also utilize the relations ηo
Q,3 = 2ηo

Q,2/
√

3 and ηo
A = − 4√

6
ηo

Q,2

implied by Eq. (25) to simplify the expression by absorbing
the terms involving ηo

Q,3 and ηo
A into those with ηo

Q,2. Substi-
tuting the constitutive relation in Eq. (27) and the hydrostatic
stress in Eq. (16) into Eq. (15) yields the specific form of the
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hydrodynamic equations for the 3D-CSRD,

dρ

dt
= −ρ∇ · u,

ρ
du
dt

= −∇P + η̂b∇(∇ · u) + η̂zb(∇∂zuz + êz∂z∇ · u)

+ η̂∇2u + η̂zs1êz∇2uz + η̂zs2∂
2
z u + η̂zs3êz∂

2
z uz

+ η̂o∇2u∗ + η̂ob[∇(∇ · u∗) + ∇∗(∇ · u)]

+ η̂zo
(
∂2

z u∗ + êz∂z∇ · u∗ + ∇∗∂zuz
)
, (28)

where the coefficients are defined as

η̂ = μ1 + ηR,2,

η̂b = ζ + 1

3
μ3 − ηR,2 − 2

√
2

3
ηe

s ,

η̂zs1 = μ2 − μ1 + ηR,1 − ηR,2 − 2ηe
Q,1,

η̂zs2 = μ2 − μ1 + ηR,1 − ηR,2 + 2ηe
Q,1,

η̂zs3 = μ1 + 2μ3 − 4μ2 + ηR,2 − ηR,1,

η̂zb = μ2 − μ3 + ηR,2 − ηR,1 +
√

2ηe
s ,

η̂o = 1

2
ηo

1 + ηo
R − 2ηo

Q,2,

η̂ob = 1

2
ηo

1 − ηo
R,

η̂zo = −
(

1

2
ηo

1 + ηo
2

)
.

We remark that terms with viscosities
{ηR,1, ηR,2, ηR,3, ηe

Q,1, ηo
R, ηo

A, ηo
Q,2, ηo

Q,3} in the constitutive
relation in Eq. (27) correspond to the antisymmetric part of
the viscous stress tensor. This reflects the fact that angular
momentum is not conserved in the 3D-CSRD model, a
characteristic that is also shared by the original SRD [29,35].
Although angular momentum is usually not conserved in
a wide range of odd fluids—such as chiral active fluids
driven by active torques or charged particles experiencing
the Lorentz force in a magnetic field—rendering these
rotational viscosities physically permissible, we emphasize
that care should be taken when the 3D-CSRD model is
applied to the study of odd fluids with strict angular
momentum conservation. On the one hand, the existence
of these viscosities does not alter the structural form of the
Navier-Stokes equation. On the other hand, the flow field
may still be quantitatively influenced when the stress tensor
is incorporated into the boundary conditions, as previously
demonstrated in the original SRD framework [35].

B. Simplified Navier-Stokes equation

We can significantly simplify the Navier-Stokes equa-
tion in (28) by setting ω = 2π/3 and considering the limit
|θ | � 1.

First, we notice that ω = 2π/3 causes the two factors ηcol
2

and ηcol
3 in the collisional viscosities in Eq. (25) to vanish

[see Eq. (26)]. The physical reason behind this is that the first
moment of the rotation matrix is E[Rαβ] = (1 + 2 cos ω)δαβ ,
which becomes exactly zero at ω = 2π/3. This implies that,

in the sense of the first moment, the isotropy of the collision
step is fully restored, since ηcol

αβμν ∝ (δαμ − E[Rαμ])δβν [see
Eq. (A20)]. Consequently, under the molecular chaos hypoth-
esis, the offdiagonal elements of ηcol in Eq. (24) vanish, and
the diagonal elements reduce to

3
2ζ col = μcol

1 = μcol
2 = μcol

3 = ηcol
R,1 = ηcol

R,2 = 1
2ηcol

1 . (29)

Second, in the limit |θ | � 1, one can expand the kinetic
viscosities in Eq. (22) up to first order in θ , O(θ ), which yields
a remarkable simplification,

μkin
1 = μkin

2 = μkin
3 , ηo,kin

1 = −2ηo,kin
2 . (30)

Finally, we introduce the following quantities:

μ � μ1 = μ2 = μ3, ηR � ηR,1 = ηR,2,

ηo � ηo
1 = −2ηo

2, (31)

to explicitly write the total viscosity tensor as

ηαβμν = ζ δαβδμν + ηR(δαμδβν − δανδβμ)

+ μ(δαμδβν + δανδβμ − 2
3δαβδμν )

+ 1
2ηo(εzαμδβν + εzανδβμ + εzβμδαν + εzβνδαμ).

(32)

Additionally, we remark that the limit limθ→0(− ηo
1

ηo
2
) = 2 is

fully consistent with the behavior of polyatomic gases in a
weak magnetic field [6].

Under these conditions, the viscous stress constitutive re-
lation reduces to

σαβ = ζ δαβ∇ · u + ηR(∂βuα − ∂αuβ )

+ μ(∂βuα + ∂αuβ − 2
3δαβ∇ · u)

+ 1
2ηo(∂βu∗

α + ∂∗
αuβ + ∂αu∗

β + ∂∗
βuα ). (33)

The hydrodynamic equations can now be simplified to

dρ

dt
= −ρ∇ · u,

ρ
du
dt

= −∇P + η̂∇2u + η̂b∇(∇ · u)

+ η̂o[∇2u∗ + ∇(∇ · u∗) + ∇∗(∇ · u)], (34)

where the effective transport coefficients are defined as

η̂ = ηcol
1 + μkin, η̂b = 1

3μkin, η̂o = 1
2ηo,kin

1 . (35)

V. SIMULATION MEASUREMENT OF THE VISCOSITIES

In this section, we measure all of the elements of the
C∞ viscosity tensor [Eq. (12)] in the 3D-CSRD model and
compare them with the theoretical results derived from the
above kinetic method. We use the nonequilibrium route to
calculate these viscosities in simulations. Broadly speaking,
we first generate some velocity gradients and quantify the
induced stress and then use the constitutive relation Eq. (9)
to obtain the viscosities.
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A. Determination of the viscosities

We divide the constitutive relation into three parts named
Part-(5, 6), Part-(2, 3, 8, 9), and Part-(1, 4, 7), and measure
the viscosities that belong to these three parts, respectively.

Part-(5, 6) is defined as[
σ v5

σ v6

]
= 2

[
μ1 ηo

1

−ηo
1 μ1

][
∂xux − ∂yuy

∂xuy + ∂yux

]
, (36)

with σ v5 = σ v
xx − σ v

yy and σ v6 = σ v
xy + σ v

yx. To determine
viscosities μ1 and ηo

1, we here impose a velocity gradient
∂yux ≡ γyx in the corresponding simulation.

Part-(2, 3, 8, 9) takes the form⎡
⎢⎢⎢⎢⎣

σ v2

σ v3

σ v8

σ v9

⎤
⎥⎥⎥⎥⎦ = 2

⎡
⎢⎢⎢⎢⎣

ηR,1 ηo
R η+

Q,1 η+
Q,2

−ηo
R ηR,1 η+

Q,2 −η+
Q,1

η−
Q,1 η−

Q,2 μ2 ηo
2

η−
Q,2 −η−

Q,1 −η2
o μ2

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎣

∂zuy − ∂yuz

∂xuz − ∂zux

∂zuy + ∂yuz

∂xuz + ∂zux

⎤
⎥⎥⎥⎦,

(37)
where we have σ v2 = σ v

yz − σ v
zy, σ v3 = σ v

zx − σ v
xz, σ v8 =

σ v
yz + σ v

zy, and σ v9 = σ v
xz + σ v

zx. We also define η+
Q,1 �

ηe
Q,1 + ηo

Q,1 and η−
Q,1 � ηe

Q,1 − ηo
Q,1. These symbols are ap-

plied to other viscosities in the same way. The viscosities in
this part are obtained by two independent simulations in which
the velocity gradients ∂yuz ≡ γyz and ∂zuy ≡ γzy are imposed,
respectively.

Part-(1, 4, 7) is given by⎡
⎢⎣

σ v1

σ v4

σ v7

⎤
⎥⎦ = 2

⎡
⎢⎣

3
2ζ η−

A η+
S

η+
A ηR,2 η+

Q,3

η−
S η−

Q,3 μ3

⎤
⎥⎦
⎡
⎢⎢⎣

√
2
3∂αuα

∂yux − ∂xuy
1√
3
(2∂zuz − ∂xux − ∂yuy)

⎤
⎥⎥⎦,

(38)

where we have σ v1 =
√

2
3 (σ v

xx + σ v
yy + σ v

zz ), σ v4 =
σ v

xy − σ v
yx, and σ v7 = 1√

3
(2σ v

zz − σ v
xx − σ v

yy). Here, we
perform three independent simulations to determine the nine
viscosities. In the first simulation, we impose the gradient
∂yux as in the Part-(5, 6). In the second simulation, we
impose a pure shear by setting ∂zuz = −∂yuy ≡ α. In the
third simulation, we impose a volume deformation with the
deformation rate 3α by setting ∂xux = ∂yuy = ∂zuz ≡ α.

B. Simulation details

We nondimensionalize the physical quantities by setting
m = 1, l = 1, and kBT = 1 in the simulations. The viscosities
are measured at varying additional rotation angles θ and fixed
parameters �t = 0.1, λ = 10, ω = π/3. The simulations are
carried out in a cubic box of size L� = 20.

1. Generation of the velocity gradients

The velocity gradients are generated by applying the Lees-
Edwards boundary condition [36]. The value of the gradients
mentioned above is set by γyx = γyz = γzy = 0.003 and α =
−0.0015. If the velocity gradient involves a system deforma-
tion, such as the pure shear and the volume deformation used
in determining the viscosities of Part-(1, 4, 7), the size of the
simulation box is changed accordingly with the corresponding

deformation rate. For example, the deformation along the z-
axis is given by

Lz(t + �t ) = (1 + ∂zuz�t )Lz(t ), (39)

where Lz(z) is the size along the z-axis at time t .
Special considerations should be incorporated into the sim-

ulation of volume deformation. In the simulation, the particle
number is initialized as N = λL�

3. Considering that the de-
formation is contractive (α < 0), we set the initial box volume
by V0 = (L� + 1)3. We perform our measurement only when
the volume is in the vicinity of L3

� , i.e., [0.95L3
� , 1.05L3

� ]. The
contraction will increase the temperature, so we must keep the
temperature of the system fixed (kBT = 1). Here, we apply the
Maxwell-Boltzmann scaling thermostat, a thermostat widely
used in the traditional SRD simulations [37], in the simulation
to realize an isothermal measurement.

2. Measurement of the stress

We measure the stress in the simulations by counting the
momentum across a given plane. The method of counting is
different between the kinetic part and the collisional part of
the stress. The kinetic stress at time t , denoted by σ kin

αβ (t ), is
calculated by accumulating the net momentum across the β-
plane during a streaming step,

σ kin
αβ (t ) = m

�tAβ

∑
i

χici,α. (40)

Here, the summation runs for the particles across the β-plane
(a plane with normal vector along the β-axis) within a step,
Aβ is the area of the plane, c � v − u is the peculiar velocity,
and χi = 1 (or −1) if the particle i moves along the same (or
opposite) direction of the plane’s normal vector. The colli-
sional stress is calculated in a collision cell. If a given β-plane
divides a cell, we record the total change in momentum within
the half of the cell during a collision step; thus, the collisional
stress is computed as

σ col
αβ (t ) = m

l2�t

∑
i

(vi,α (t + �t ) − vi,α (t )), (41)

where the summation runs for every particle in the half of the
cell. Then both parts of the stress are averaged over time and
across the ensemble.

We first test the hydrostatic stress of 3D-CSRD in simu-
lation. The results (see Fig. 1) show that there exists only a
kinetic pressure part of the hydrostatic stress. Furthermore,
we find that the pressure of the 3D-CSRD follows the equa-
tion of state for the ideal gas, namely, P = ρkBT/m. This
is consistent with our theoretical prediction above [see Eqs.
(17) and (18)]. This consequence allows us to regard the
total stresses σ 2–9 measured in simulations as the viscous
stresses σ v2–9, i.e., σ v2–9 = σ 2–9. For the first viscous stress

σ v1 =
√

2
3 (σ v

xx + σ v
yy + σ v

zz ), we calculate it in simulations
by subtracting the pressure from the total stress,

σ v1 =
√

2

3
(σxx + σyy + σzz + 3ρkBT/m). (42)
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FIG. 1. Kinetic and collisional parts of hydrostatic stress mea-
sured in simulations with different θ . Apart from the kinetic pressure
(a), other parts are approximately zero. The solid line refers to the
theoretical value. Parameters: �t = 0.1, λ = 10, ω = π/3, kBT = 1.

C. Viscosities obtained from simulations

We obtain all of the viscosities of 3D-CSRD fluids via the
methods above. The simulation results quantitatively agree
with our theoretical predictions. We show three independent
components of collisional viscosities [i.e., ηcol

1 , ηcol
2 , and ηcol

3
in Eqs. (25)] and five nonzero kinetic viscosities [i.e., μkin

1 ,
μkin

2 , μkin
3 , ηo,kin

1 , and ηo,kin
2 in Eqs. (22)] in Fig. 2, including

both simulation and theoretical results. A slight difference
between the simulation data and theoretical values in kinetic
viscosities [Figs. 2(d)–2(f)] may arise from the molecular

chaos hypothesis employed in the derivation. In Fig. 2, the
viscosities ηcol

1 , ηcol
2 , and ηcol

3 are obtained from the data of
ηcol

R,1, ηcol
R,2, and ηo,col

1 via the following relations according to
Eqs. (25):

ηcol
1 = 2

3

(
2ηcol

R,1 + ηcol
R,2

)
,

ηcol
2 = 4√

3

(
ηcol

R,1 − ηcol
R,2

)
,

ηcol
3 = 2ηo,col

1 . (43)

We provide complete measurement results of all viscosities in
the Appendix B.

VI. CASE STUDY: ODD PLANAR POISEUILLE FLOW

In order to validate our simulation model and the hydrody-
namic equations derived above, we study the Poiseuille flows
of odd fluids by means of both simulation and theory in this
section.

We confine the CSRD fluid between a pair of planes sep-
arated by a distance L, with the no-slip boundary condition,
and drive the fluid via a gravity g parallel to the planes. The
no-slip boundary condition is realized by the bounce-back rule
on the boundary walls. The gravity is performed on the fluid
particles in the streaming step as follows:

rα,i(t + �t ) = rα,i(t ) + vα,i(t )�t + 1
2 gα�t2,

vα,i(t + �t ) = vα,i(t ) + gα�t . (44)

Here, we again use the Maxwell-Boltzmann scaling thermo-
stat in the simulation to keep the temperature fixed.

Three distinct scenarios of planar Poiseuille flow in the 3D
odd fluids are illustrated by the sketches in Fig. 3, classified
according to the direction of g and the position of the bound-
ary walls. In system (a) [Fig. 3(a)], the gravity is along the
z-axis. In system (b) [Fig. 3(b)], the gravity is not along the
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FIG. 2. Kinetic and collisional parts of viscosities measured in simulations with different θ . Here, panels (a)–(c) are the collisional
viscosities and panels (d)–(h) are the kinetic viscosities. The symbols represent the simulation results and the solid lines correspond to the
theoretical predictions. Parameters: �t = 0.1, λ = 10, ω = π/3, kBT = 1.
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FIG. 3. Planar Poiseuille flows in 3D odd fluids. (a) g = gêz and the fluid is confined in the y direction. (b) g = gêy and the fluid is confined
in the z direction. (c) g = gêy and the fluid is confined in the x direction. The parameters of the CSRD are set to �t = 0.8, λ = 10, kBT = 1,
ω = π/3, and θ = 5π/9. The simulations are performed in a cubic box of dimension L = 20, and the periodic boundary conditions are applied
to the unconfined directions. The symbols � represent the simulation data and the solid lines are the corresponding theoretical predictions.

z-axis, while the fluid is confined in the z direction. In system
(c) [Fig. 3(c)], the gravity is not along the z-axis and the fluid
is also not confined in the z direction. The simulation results
are given in Fig. 3. For comparison, we analytically calculate
these flows by solving the Navier-Stokes equation [Eq. (28)].

The control equations of flow in system (a) are derived as

ηa∂
2
y uz = −ρg,

∂2
y ux = 0,

∂yP = 0, (45)

where ηa = ηR,1 − 2ηe
Q,1 + μ2 and P = ρkBT/m. Combining

the no-slip boundary condition and uy = 0, we obtain the
solution,

ux = 0,

uz = ρg

2ηa
y(L − y). (46)

This flow is totally consistent with the normal fluids and not
affected by the odd viscosities. The profile of uz and the corre-
sponding simulation result are plotted in Fig. 3 (a). However,
in systems (b) and (c), situations are different.

For the flow in system (b), we have the following control
equations:

ηb∂
2
z ux + ηo,b∂

2
z uy = 0,

ηb∂
2
z uy − ηo,b∂

2
z ux = −ρg,

∂zP = 0, (47)

where ηb = ηR,1 + 2ηe
Q,1 + μ2, ηo,b = ηo

R − 2ηo
Q,2 − ηo

2, and
P = ρkBT/m. Also applying the no-slip boundary condition
and uz = 0, we have

ux = − λbρg

2(ηb + λbηo,b)
z(L − z),

uy = ρg

2(ηb + λbηo,b)
z(L − z), (48)
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with λb = ηo,b/ηb. We note, in this condition, the viscosities
induce a flow perpendicular to the gravity g [see Fig. 3 (b)].

The control equations of the flow in system (c) are

ηo,c∂
2
x uy = ∂xP,

ηc∂
2
x uy = −ρg,

∂2
x uz = 0, (49)

where ηc = ηR,2 + μ1, ηo,c = ηo
1 − 2ηo

Q,2, and P = ρkBT/m.
Here, the density field ρ = ρ(x) obeys the normalizing condi-
tion

∫ L
0 ρdx = ρ0L with ρ0 the average density. The solution

of this flow is

ρ = γcρ0L

1 − e−γcL
e−γcx,

uy = ρ0gL

ηcγc

(
1 − e−γcx

1 − e−γcL
− x

L

)
,

uz = 0, (50)

where γc = mηo,cg
ηckBT . The velocity and density profiles are shown

in Fig. 3(c). In this case, the odd viscosities give rise to a
Hall-like (transverse) mass transport which is also consistent
with the phenomenon in 2D odd Poiseuille flow studied in our
previous work [30].

The excellent agreement between theory and simulations
confirms that the derived hydrodynamic equations accurately
describe the 3D-CSRD fluids. These results also demonstrate
that the 3D mesoscale fluid exhibits rich and abnormal trans-
port phenomena caused by its odd transport coefficients.

VII. CONCLUSION

In this work, we develop a mesoscale simulation model for
3D odd fluids (3D-CSRD). We have demonstrated that this
model correctly captures the viscosities and hydrodynamics of
odd fluids with C∞ cylindrical symmetry through theoretical
derivation and simulation. Thus, the 3D-CSRD provides a
highly efficient platform for studies on intricate hydrodynam-
ics of 3D odd fluids.

With the help of the 3D-CSRD approach, simulations of
odd complex fluids can be directly performed. Since the
CSRD is an extension of the well-established SRD, the
simulation techniques for complex fluids used in SRD are
also applicable to the CSRD. For example, to simulate odd
colloidal suspensions with CSRD, we can directly employ
the hybrid MD-SRD method [27]—a method for simulat-
ing mesoscopic suspensions—in which interactions between
colloidal particles and fluid particles are properly taken into
account, and the colloidal equations of motion are solved in
the streaming step via the velocity Verlet algorithm. So, the
proposed CSRD approach paves the way for investigating odd
complex fluids.
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APPENDIX A: THEORETICAL DERIVATION
OF NAVIER-STOKES EQUATION AND VISCOSITIES

We derive the Navier-Stokes equation of the 3D-CSRD by
using a kinetic approach proposed by Pooley and Yeomans in
their derivation [34] of the hydrodynamic equations for the
original SRD.

We denote the single-particle distribution function of
CSRD by f (r, v), which is normalized by

∫
drdv f = mN .

This gives the mass density ρ(r) = ∫ dv f . Proceeding, the
distribution of a quantity X = X (r, v) in space is defined
by 〈X (r, v)〉 � 1

ρ

∫
dvX f . In particular, the flow field u(r)

is defined as u(r) = 〈v〉. Define the velocity moments as
Mαβ··· � 〈(vα − uα )(vβ − uβ ) · · · 〉. The second moment is re-
lated to the temperature by θT � kBT/m = 1

3 Mαα . We focus
on the hydrodynamic behavior of the CSRD fluid in the near-
equilibrium state. So, we assume that the fluid is in a local
thermodynamic equilibrium and the conserved quantities vary
slowly in time and space. These allow us to take the n-th-order
gradients of the conserved quantities as small quantities of
magnitude O(δn), and express f (r, v) via local thermody-
namic quantities as

f (r, v) = ρ(r)

θ
3/2
T (r)

g

(
v − u(r)√

θT (r)

)
, (A1)

with g(x) being a function of the dimensionless quantity x.
The conservation laws of mass, momentum, and energy

lead to the hydrodynamics. We denote the conserved quan-
tity by Q = Q(v) and the corresponding density and flux by
ρQ = 〈Q〉 and J (Q). Then the general form of the conservation
equation is

∂tρQ + ∂αJ (Q)
α = 0. (A2)

However, the situation is of a subtle difference for the CSRD
because of its discrete-time dynamics. The flux of Q in the
CSRD (denoted by j (Q)) is the “discrete flux” and should be
treated as an average of the flux J (Q) during �t ,

j (Q)
α (t ) = 1

�t

∫ t+�t

t
dt ′J (Q)

α (t ′) = J (Q)
α (t + τ ), (A3)

where τ ∈ [0,�t]. This relation gives J (Q)
α (t ) = j (Q)

α (t − τ ).
We expand this at t to O(δ), take τ = �t/2 for approximation,
and then obtain

J (Q)
α (t ) = j (Q)

α (t ) − �t

2
∂t j (Q)

α (t ) + O(δ2). (A4)

Both the streaming step and the collision step contribute to
the discrete flux j (Q)

α . We name these two parts the kinetic part
and the collisional part, respectively, and use the superscripts
kin and col to label them: j (Q)

α = j (Q),kin
α + j (Q),col

α . With the
help of the local equilibrium distribution equation (A1) and
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the CSRD dynamics in Eqs. (1) and (2), the specific expres-
sion of flux j (Q)

α can be derived, and then the hydrodynamic
equation can be obtained.

1. Derivation of the collisional flux

The flux in the collision step can be easily derived using
the conservation of Q in each collision cell. We consider a
cell divided by a plane y = c. The average change of Q during
a collision in the upper half of the cell corresponds to the
discrete collisional flux j (Q),col

y . If we choose the center of this
cell as the origin, the discrete flux can be written as

j (Q),col
y = E

[
1

l2�t

∫ l/2

−l/2
dz
∫ l/2

−l/2
dx·

∫ l/2

c
dyρ〈Q(vc)/m − Q(v)/m〉

]
, (A5)

where vc is the velocity of a particle after collision. Note that
here the position of the plane c follows a uniform distribution
in [−l/2, l/2] [i.e., c ∼ U (−l/2, l/2)] because of the random
shift of the lattice. Generally, we have

j (Q),col
α = E

⎡
⎣ 1

l2�t

∏
β �=α

(∫ l/2

−l/2
dxβ

)
·

∫ l/2

c
dxαρ〈Q(vc)/m − Q(v)/m〉

]
. (A6)

The mass transport is absent from the collision step so that the
collisional mass flux is zero: J (m),col

α = j (m),col
α = 0.

It is useful to introduce a “single particle collision formula”
from the collision rule equation (2) to derive the collisional
momentum flux. We select one particle in a cell with N �
1 particles and denote its position and velocity before the
collision by r and v, respectively. Then we define the mean
velocity of the other particles by v̂. Thus, the center-of-mass
velocity of this cell is

vcm,α = 1

N
vα + N − 1

N
v̂α. (A7)

Using Eqs. (2) and (A7), we can express the velocity after col-
lision of this particle by the following “single particle collision
formula”:

vc
α = vα + N − 1

N
(Rαβ − δαβ )(vβ − v̂β )

� vα − Lαβ (vβ − v̂β ). (A8)

The particle number in a cell is assumed to follow a Poisson
distribution with the expectation value λ. Therefore, the prob-
ability for N = q particles in the cell containing our selected
particle is P(N = q) = e−λλq−1/(q − 1)!, q � 1. Providing
more information about the rotation matrix here is necessary.
An arbitrary rotation matrix R̃αβ = R̃αβ (ñ, φ) can be repre-
sented by

R̃αβ (ñ, φ) = cos φδαβ + (1 − cos φ)ñα ñβ − sin φñγ εγαβ.

(A9)

By applying this, we have the explicit forms of R1
αβ and R2

αβ ,

R1
αβ = cos ωδαβ + (1 − cos ω)nαnβ − sin ωnγ εγαβ, (A10)

R2
αβ = cos θδαβ + (1 − cos θ )δzαδzβ − sin θεzαβ, (A11)

where the random rotation axis n is uniformly distributed on
the unit sphere. Next, we can calculate Rαβ = R2

αγ R1
γ β and

obtain

Rαβ = cos ω cos θδαβ + (1 − cos ω) cos θnαnβ

− sin ω cos θnγ εγαβ + cos ω(1 − cos θ )δzαδzβ

+ (1 − cos ω)(1 − cos θ )δzαnznβ

+ sin ω(1 − cos θ )δzαnγ εzγ β

− cos ω sin θεzαβ − (1 − cos ω) sin θεzαγ nγ nβ

+ sin ω sin θ (nαδzβ − nzδαβ ). (A12)

The average of Rαβ is

Rαβ � E[Rαβ] = 1
3 (1 + 2 cos ω)

× [cos θδαβ + (1 − cos θ )δzαδzβ − sin θεzαβ ]. (A13)

Now, we set Q(v) = pα in Eq. (A6) to calculate the discrete
momentum flux j (pα ),col

β ,

j (pα ),col
β = E

⎡
⎣ 1

l2�t

∏
μ �=β

(∫ l/2

−l/2
dxμ

)
·

∫ l/2

c
dxβρ〈vc

α − vα〉
]
. (A14)

The average change of the velocity E[〈vc
α − vα〉] in Eq. (A14)

can be derived by taking the average of Eq. (A8),

E
[〈
vc

α − vα

〉] = E

[
N − 1

N

]
(Rαβ − δαβ )(uβ − u0,β )

= E

[
N − 1

N

]
(Rαβ − δαβ )rγ ∂γ uβ + O(δ2).

(A15)

In the first equality, v̂α is averaged with respect to the velocity
and the position of all other particles, and thus the result is the
flow velocity at the center of the cell u0. After calculating the
integral in (A14), we obtain j (pα ),col

β ,

j (pα ),col
β = m

12l�t
(λ − 1 + e−λ)(Rαμ − δαμ)δβν∂νuμ. (A16)

We note the j (pα ),col
β is O(δ), so according to Eq. (A4), the

collisional momentum flux has the same form as Eq. (A16),

J (pα ),col
β � T col

αβ

= m

12l�t
(λ − 1 + e−λ)(Rαμ − δαμ)δβν∂νuμ + O(δ2),

(A17)

where we use Tαβ to represent the momentum flux. Hence, we
have the collisional stress σ col

αβ = −T col
αβ . The collisional stress

only depends on the velocity gradients so that the collisional
hydrostatic stress is zero,

σ h,col
αβ = 0. (A18)

Thus, we can write σ col
αβ = σ v,col

αβ .
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The collisional viscosity

In Eq. (A17), we can identify the collisional viscosity as follows:

ηcol
αβμν = m

12l�t
(λ − 1 + e−λ)(δαμ − Rαμ)δβν. (A19)

Substituting the average of the rotation matrix [see Eq. (A13)] into this expression and rearranging it, we have

ηcol
αβμν = ηcol

1 δαμδβν + ηcol
2 τ 7

αμδβν + ηcol
3 εzαμδβν, (A20)

where

ηcol
1 = m(λ − 1 + e−λ)

108l�t
[9 − (1 + 2 cos ω)(1 + 2 cos θ )],

ηcol
2 = −

√
3m(λ − 1 + e−λ)

108l�t
(1 + 2 cos ω)(1 − cos θ ),

ηcol
3 = m(λ − 1 + e−λ)

36l�t
(1 + 2 cos ω) sin θ. (A21)

By using the orthogonality relations equations (8) in Eq. (A19), the collisional viscosity tensor represented by basis {ψ I} is given
by

η
col =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ηcol
1 0 0 −

√
2
3 ηcol

3 0 0
√

2
3 ηcol

2 0 0

0 ηcol
1 + 1

2
√

3
ηcol

2
1
2 ηcol

3 0 0 0 0 −
√

3
2 ηcol

2 − 1
2 ηcol

3

0 − 1
2 ηcol

3 ηcol
1 + 1

2
√

3
ηcol

2 0 0 0 0 − 1
2 ηcol

3

√
3

2 ηcol
2√

2
3 ηcol

3 0 0 ηcol
1 − 1√

3
ηcol

2 0 0 − 1√
3
ηcol

3 0 0

0 0 0 0 ηcol
1 − 1√

3
ηcol

2 ηcol
3 0 0 0

0 0 0 0 −ηcol
3 ηcol

1 − 1√
3
ηcol

2 0 0 0√
2
3 ηcol

2 0 0 1√
3
ηcol

3 0 0 ηcol
1 + 1√

3
ηcol

2 0 0

0 −
√

3
2 ηcol

2
1
2 ηcol

3 0 0 0 0 ηcol
1 + 1

2
√

3
ηcol

2 − 1
2 ηcol

3

0 1
2 ηcol

3

√
3

2 ηcol
2 0 0 0 0 1

2 ηcol
3 ηcol

1 + 1
2
√

3
ηcol

2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(A22)
Finally, comparing this to the general form of the viscosity tensor equation (12), we obtain the collisional viscosities of

3D-CSRD listed here:

ζ col = 1

3
ηcol

1 , ηcol
R,1 = μcol

2 = 1

2
ηcol

1 + 1

4
√

3
ηcol

2 ,

ηcol
R,2 = μcol

1 = 1

2
ηcol

1 − 1

2
√

3
ηcol

2 , μcol
3 = 1

2
ηcol

1 + 1

2
√

3
ηcol

2 , ηe,col
s = −2

√
2

3
ηe,col

Q,1 = 1√
6
ηcol

2 ,

ηo,col
1 = −2ηo,col

2 = 2ηo,col
R = −2ηo,col

Q,2 = 1

2
ηcol

3 , ηo,col
A = −

√
2ηo,col

Q,3 = 1√
6
ηcol

3 ,

ηe,col
A = ηe,col

Q,2 = ηe,col
Q,3 = ηo,col

s = ηo,col
Q,1 = 0. (A23)

It can be verified that the even collisional viscosities are positive definite, indicating that 3D-CSRD exhibits a correct dissipative
process in the collision step.

2. Derivation of the kinetic flux

Without loss of generality, we calculate the y-component of
the discrete kinetic flux at the origin j (Q),kin

0y (in the following,
we use the subscript 0 to label the value of quantities at the
origin). This can be written as the flux across the area centered
at the origin D = {(x, y, z)||x|, |z| � a

2 , y = 0} during �t ,

j (Q),kin
0y = 1

a2�t

∫ +∞

−∞
dv

∫
A

drQ(v) f /m. (A24)

Here, the domain of the integration A is determined by the
trajectory of a particle with velocity v that intersects with the

area D, which gives

A =
{(

rx, ry, rz
)| − vy�t � ry � 0,

∣∣∣∣rx − vx

vy
ry

∣∣∣∣ � a

2
,

∣∣∣∣rz − vz

vy
ry

∣∣∣∣ � a

2

}
. (A25)

The integration in Eq. (A24) can be calculated by performing
the following variable substitution of velocity v → v′:

v′ − u0√
θT 0

= v − u√
θT

, (A26)
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and expanding ρ, u, θT at the origin to O(δ) as follows:

ρ = ρ0 + rα (∂αρ)0 + O(δ2), (A27)

uβ = u0β + rα

(
∂αuβ

)
0 + O(δ2), (A28)

θT = θT 0 + rα (∂αθT )0 + O(δ2), (A29)

where u0β is also treated as O(δ), which is achievable by
choosing a suitable reference frame. Then Eq. (A24) becomes

j (Q),kin
0y = 1

a2�t

∫ +∞

−∞
dv′ f (0, v′)·

∫
A′

dr
1

m
Q(v)

[
1 + 1

ρ0
rα (∂αρ)0

]
, (A30)

where v = (1 + 1
2θT 0

rα (∂αθT )0)v′ + rα (∂αu)0, and A′ is the
transformed integration domain. We retain terms up to O(δ)
in the integration of r in Eq. (A30). Thus, the required inte-
grals are just I (0) � 1

a2�t

∫
A′ dr and I (1)

α � 1
a2�t

∫
A′ drrα , which

correspond to the terms of order O(1) and O(δ) in Eq. (A30),
respectively. These two integrals are given by [34]

I (0) = 1

a2�t

∫
A′

dr

= v′
y − 1

2
�t

⎧⎨
⎩
(
v′

y

)2(
∂yθT

)
0

θT 0
+ 2v′

y(∂yuy)0

+v′
yv

′
α

(∂αθT )0

θT 0
+ v′

y(∂αuα )0 + v′
α (∂αuy)0

}
,

(A31)

I (1)
α = 1

a2�t

∫
A′

drrα = −1

2
�tv′

yv
′
α. (A32)

The discrete kinetic fluxes of mass and momentum can
be calculated by setting Q = m and Q = pα in Eq. (A30),
respectively,

j (m),kin
α = j (m)

α = ρuα − 1
2�t∂α (ρθT )

− 1
2�t∂β (ρuβuα ) + O(δ2), (A33)

j (pα ),kin
β = ρuαuβ + ρMαβ

− 1
2ρθT �t (∂αuβ + ∂βuα + δαβ∂γ uγ ) + O(δ2),

(A34)

in which we have removed the subscript 0 to represent the
fluxes at an arbitrary point. Note that the mass transport only
happens in the streaming step, so we have j (m),kin

α = j (m)
α .

Using Eq. (A4), the mass flux and kinetic momentum flux are
derived. The mass flux can be directly calculated,

J (m)
α = ρuα − �t

2
[∂t (ρuα ) + ∂α (ρθT ) + ∂β (ρuβuα )]

+ O(δ2). (A35)

To derive the momentum flux, the second moment Mαβ should
be decomposed by Mαβ = θT δαβ + M ′

αβ with M ′
αβ being the

traceless part. Then the term of time derivative in Eq. (A4)
will provide a term δαβ∂t (ρθT ) with O(δ) order and other
higher-order terms. The total form of the kinetic momentum

flux therefore is

J (pα ),kin
β = T kin

αβ = ρuαuβ + ρθT δαβ + ρM ′
αβ

− 1

2
ρθT �t (∂αuβ + ∂βuα + δαβ∂γ uγ )

− �t

2
δαβ∂t (ρθT ) + O(δ2). (A36)

These fluxes can be simplified further. Substituting the
kinetic and collisional momentum fluxes [Eqs. (A36) and
(A17)] into the momentum conservation equation [Eq. (A2)
with Q = mvα] yields

∂t (ρuα ) + ∂β (ρuβuα ) + ∂α (ρθT ) = O(δ2). (A37)

This simplifies the mass flux Eq. (A35),

J (m)
α = ρuα + O(δ2). (A38)

Similarly, the kinetic momentum flux will be simplified by
considering the energy conservation equation of the O(δ) or-
der. Taking Q = Ek in Eq. (A2) gives the energy conservation
equation,

∂t
(

1
2ρ〈v2〉)+ ∂αqα = 0, (A39)

where qα is the energy flux qα � JEk
α and the first term is

∂t
(

1
2ρ〈v2〉) = ∂t

(
3
2ρθT + 1

2ρu2
)

= ∂t
(

3
2ρθT

)+ O(δ2). (A40)

Proceeding, we expand the second term: ∂αqα = ∂αqkin
α +

∂αqcol
α . Herein, the collisional term ∂αqcol

α is the order of O(δ2)
at least, as inferred from the derivations in the 2D case [30].
The discrete kinetic energy flux calculated from Eq. (A30) is

j (Ek ),kin
α = 5

2ρθT uα + 1
2ρMββα − 5

4�t∂α

(
ρθ2

T

)+ O(δ2).
(A41)

Combining Eq. (A4), the kinetic energy flux is

qkin
α = 5

2ρθT uα + 1
2ρMββα − 5

4�t∂α

(
ρθ2

T

)
− �t

2
ρθT ∂t uα + O(δ2). (A42)

Substituting Eqs. (A40) and (A42) into Eq. (A39), the energy
conservation equation of the O(δ) order is obtained,

∂t (ρθT ) = − 5
3ρθT ∂αuα + O(δ2). (A43)

In the derivation, we treat the third momentum Mββα as a
quantity with the order of O(δ) at least, because Mββα is
exactly zero in the equilibrium state. Using Eqs. (A36) and
(A43), the final expression of the kinetic momentum flux is

T kin
αβ = ρuαuβ + ρθT δαβ + ρM ′

αβ

− 1
2ρθT �t (∂αuβ + ∂βuα − 2

3δαβ∂γ uγ ) + O(δ2).
(A44)

The kinetic stress tensor can be easily read out from the kinetic
momentum flux Eq. (A44),

σ kin
αβ = − ρθT δαβ − ρM ′

αβ

+ 1
2ρθT �t (∂αuβ + ∂βuα − 2

3δαβ∂γ uγ ). (A45)
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Referring to Eq. (11), the hydrostatic part of the kinetic stress
only has a pressure term,

σ h,kin
αβ = −Pδαβ, (A46)

with P = ρθT since the CSRD follows an ideal gas equation of
state in the equilibrium state. The viscous part is

σ v,kin
αβ = −ρM ′

αβ + ρθT �t

2

(
∂αuβ + ∂βuα − 2

3
δαβ∂γ uγ

)
.

(A47)
The kinetic viscosities are hidden in the second-order moment
M ′

αβ , which are derived below.

a. The velocity moment

During the streaming and collision steps, the single-
particle distribution f (r, v) is changed. The velocity moments
may also be transformed by these two steps. In general, we
can express the transformation relation of the velocity moment
during one CSRD step [t, t + �t] as an iteration equation
Mt+�t

αβ··· = F̂[Mt
αβ···]. In the steady state, f (r, v) converges to

an invariant distribution, allowing us to calculate the station-
ary value of the velocity moment by solving the fixed point of
the iteration equation,

Mαβ··· = F̂[Mαβ···]. (A48)

Equation (A48) can be derived by separately analyzing the
streaming and collision operations.

Transformation in the streaming step. Herein, we denote
the quantities before and after the streaming step by the super-
scripts t and s, respectively. After being altered by streaming,
the single particle distribution becomes

f s(r, v) = f t (r − v�t, v). (A49)

Then, the second-order velocity moment after the streaming
step is given by

Ms
0,αβ = 1

ρs

∫ +∞

−∞
dv f t (−v�t, v)

(
vα − us

α

)(
vβ − us

β

)
,

(A50)

where we set r = 0 for simplicity, with ρs
0 and us

0,α being the
density and flow velocity after streaming, respectively. This
integral can be calculated by the same procedure used in the
derivation of Eq. (A24). Using the substitution Eq. (A26), we
derive the following transformation relations:

ρs = ρt − ρt�t∂αuα + O(δ2), (A51)

us
α = ut

α − �t
1

ρt
∂α

(
ρtθ t

T

)+ O(δ2), (A52)

Ms
αβ = Mt

αβ − θT �t (∂αuβ + ∂βuα ) + O(δ2). (A53)

The traceless part of the second-order moment is therefore
transformed by

M ′s
αβ = M ′t

αβ − θT �t (∂αuβ + ∂βuα − 2
3δαβ∂γ uγ ). (A54)

We can express Eq. (A54) in the subspace spanned by basis
ψ5–9 via Eqs. (6) as follows because M ′

αβ is traceless and
symmetric:

⎡
⎢⎢⎢⎢⎣

M ′s,5

M ′s,6

M ′s,7

M ′s,8

M ′s,9

⎤
⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣

M ′t,5

M ′t,6

M ′t,7

M ′t,8

M ′t,9

⎤
⎥⎥⎥⎥⎦− 2θT �t

⎡
⎢⎢⎢⎢⎣

ė5

ė6

ė7

ė8

ė9

⎤
⎥⎥⎥⎥⎦, (A55)

where ėI follows the definition in Eqs. (10).
Transformation in the collision step. To facilitate the cal-

culations in this section, we provide an alternative expression
of the collision rule equation (2). Consider a cell at position
ξ containing N particles, with velocities denoted as v(i), i =
1, . . . , N . Then we arrange these velocities by introducing the
vector vξ = (v(1), . . . , v(N ) )�. Using Eq. (2) and the vector vξ,
the collision operation in cell ξ can be expressed as

vξ (t + �t ) = Cξ · vξ (t ), (A56a)

Cξ =

⎡
⎢⎢⎢⎢⎣

Rξ + 1
N (I − Rξ ) 1

N (I − Rξ ) . . . 1
N (I − Rξ )

1
N (I − Rξ ) Rξ + 1

N (I − Rξ ) . . . 1
N (I − Rξ )

...
...

. . .
...

1
N (I − Rξ ) 1

N (I − Rξ ) . . . Rξ + 1
N (I − Rξ )

⎤
⎥⎥⎥⎥⎦, (A56b)

where I is the 3 × 3 unit matrix and Rξ represents the rotation in cell ξ. The matrix Cξ is orthogonal so that | det(Cξ )| = 1. This
indicates the CSRD conserves the phase volume element.

We denote the distribution of a particle (with position r and velocity v) after a collision in the cell ξ = ξ(r) by f sc(r, v). The
distribution f sc(r, v) can be expressed by f s(r, v) as

f sc(r, v) = E
[

f s(r, R−1
ξ

· (v − vcm) + vcm)
]
. (A57)

The average in Eq. (A57) is performed over other particles in the same cell as follows:

f sc(r, v) = E
[

f s
(
r, R−1

ξ
· (v − vcm ) + vcm

)]
= E

[∫
dv(2) · · · dv(N ) f s

(
r, R−1

ξ
· (v − vcm ) + vcm

) · p(v(2), . . . , v(N ) | r(2) ∈ Aξ, . . . , r(N ) ∈ Aξ )

]
. (A58)
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Here, we use labels (2), . . . , (N ) to represent other particles
in the cell and define the area of the cell by Aξ. Next, we apply
the molecular chaos hypothesis to decompose the conditional
probability by

p(v(2), . . . , v(N ) | r(2) ∈ Aξ, . . . , r(N ) ∈ Aξ )

=
N∏

i=2

p(v(i) | r(i) ∈ Aξ ). (A59)

Using Bayes’ formula, the conditional probability of particle
(i) reads

p(v(i) | r(i) ∈ Aξ ) = p(v(i); r(i) ∈ Aξ )

p(r(i) ∈ Aξ )

=
∫

Aξ
dr(i) f sc(r(i), v(i) )∫
Aξ

dr(i)ρs(r(i) )

≈ f sc(r, v(i) )

ρs(r)
. (A60)

In the last equality, considering the slow variation of the distri-
bution in space, we use the values of f sc and ρs at r ( f sc(r, v(i) )
and ρs(r)) to estimate their values in the cell ξ, which signif-
icantly simplifies the derivations below. Therefore, Eq. (A58)
is simplified as

f sc(r, v) = E

[
1

(ρs)N−1

∫
dv(2) · · · dv(N )

× f s(r, R−1
ξ

· (v − vcm) + vcm )

· f sc(r, v(2) ) · · · f sc(r, v(N ) )

]
. (A61)

Then, f sc in Eq. (A61) can be substituted by f s via Eq. (A57),

f sc(r, v) = E

[
1

(ρs)N−1

∫
dv(2) · · · dv(N ) f s

ξ (r, v′
ξ )

]
, (A62)

where we have defined the following relations:

f s
ξ (r, v′

ξ ) = f s
ξ (r, v′, v(2)′, . . . , v(N )′)

=
N∏

i=1

f s(r, v(i)′), (A63)

v(1)′ = v′, (A64)

and

v(i)′ = R−1
ξ

· (v(i) − vcm ) + vcm. (A65)

The relation equation (A65) can be rewritten by Eqs. (A56),

v′
ξ = C−1

ξ
· vξ, (A66)

where vξ = (v, v(2), . . . , v(N ) )�. Substituting this into
Eq. (A62) yields

f sc(r, v) = E

[
1

(ρs)N−1

∫
dv(2) · · · dv(N ) f s

ξ

(
r,C−1

ξ · vξ

)]
.

(A67)
Equation (A67) allows us to derive any quantities after the
transformation of the collision step. First, we can check that

the density (the zero-order velocity moment) is invariant in
collision,

ρsc(r) =
∫ +∞

−∞
dv f sc(r, v) = ρs(v). (A68)

Other velocity moments after collision are formally expressed
by

Msc
αβ··· = 1

ρsc

∫ +∞

−∞
dv f sc(r, v)M̃(v)

= E

[
1

(ρs)N

∫
dvξ f s

ξ

(
r,C−1

ξ
· vξ

)
M̃(v)

]
, (A69)

where we set M̃(v) = vα to express the first-order moment,
i.e., the flow velocity usc

α , and M̃(v) = (vα − usc
α )·

(vβ − usc
β ) · · · to express other moments. In the calculation

of the integral in Eq. (A69), we use the substitution vξ → Cξ ·
vξ. Then Eq. (A69) is simplified by

Msc
αβ... = E

[
1

(ρs)N

∫
dvξ f s

ξ (r, vξ )M̃(v − L · (v − v̂))

]

= E[〈M̃(v − L · (v − v̂))〉s]

= E[〈M̃(vc)〉s], (A70)

where v̂ is the mean velocity of (2)–(N ) particles as defined in
Eq. (A7), and vc and L are the quantities defined in Eq. (A8),
i.e., the “single particle collision formula,”

vc = v − L · (v − v̂). (A71)

In the following, we define the notation 〈〈·〉〉 by 〈〈·〉〉 = E[〈·〉s]
for convenience so that Eq. (A70) can be simply written as

Msc
αβ... = 〈〈M̃(vc)〉〉. (A72)

The first-order moment is also invariant under collision oper-
ation,

usc
α = 〈〈vc

α

〉〉 = 〈〈vα〉〉 − E[Lαβ]〈〈vβ − v̂β〉〉 = 〈〈vα〉〉
= us

α. (A73)

Therefore, the second-order moment can be derived by

Msc
αβ = 〈〈(vc

α − us
α

)(
vc

β − us
β

)〉〉 = 〈〈vc
αvc

β

〉〉+ O(δ2). (A74)

Inserting Eq. (A71) into this and using the molecular chaos
hypothesis (〈〈vα v̂β〉〉 = 0), we obtain the transform of velocity
moment in the collision step,

Msc
αβ = L′

αβμνMs
μν, (A75)

where

L′
αβμν = E

[
1

N

]
δαμδβν + E

[
N − 1

N

]
E[RαμRβν]. (A76)

Next, we go to calculate the average E[RαμRβν],
which equals R2

αγ R2
βτE[R1

γμR1
τν]. Expanding R1

αβ via
Eq. (A10) and using the averages about the random
rotation axis E[nα] = 0, E[nαnβ] = 1

3δαβ, E[nαnβnγ ] =
0, E[nαnβnγ nτ ] = 1

15 (δαβδγ τ + δαγ δβτ + δατ δβγ ) results in

E
[
R1

γμR1
τν

] = q(1)δγμδτν + q(2)δγ τ δμν + q(3)δμτ δγ ν,

q(1) = 1
15 (4 + 8 cos ω + 3 cos 2ω),
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q(2) = 2
15 (2 − cos ω − cos 2ω),

q(3) = − 1
15 (1 + 2 cos ω − 3 cos 2ω). (A77)

Thus, L′
αβμν reads

L′
αβμν = E

[
1

N

]
δαμδβν + E

[
N − 1

N

](
q(1)R2

αμR2
βν

+ q(2)δαβδμν + q(3)R2
ανR2

βμ

)
. (A78)

In Eq. (A75), the symmetry of the moment (M ′
αβ = M ′

βα)
allows the term of q(3) to be absorbed into the term of q(1).
Hence, we rewrite Eq. (A75) as

Msc
αβ = LαβμνMs

μν, (A79)

where

Lαβμν = E

[
1

N

]
δαμδβν + E

[
N − 1

N

](
pδαβδμν + qR2

αμR2
βν

)
,

p � q(2) = 2

15
(2 − cos ω − cos 2ω),

q � q(1) + q(3) = 1

5
(1 + 2 cos ω + 2 cos 2ω). (A80)

Here, the coefficients p and q have the following quantitative
relation:

3p + q = 1. (A81)

We use Eq. (A11) to replace the additional rotation matrices
R2

αβ in Lαβμν and then obtain

Lαβμν =
(
E

[
1

N

]
+ qE

[
N − 1

N

]
s(1)

)
δαμδβν

+ pE

[
N − 1

N

]
δαβδμν + qE

[
N − 1

N

]

× [s(2)
(
δαμτ 7

βν + τ 7
αμδβν

)+ s(3)
(
δαμεzβν + εzαμδβν

)
+ s(4)

(
τ 7
αμεzβν + εzαμτ 7

βν

)+ s(5)τ 7
αμτ 7

βν

+ s(6)εzαμεzβν

]
, (A82)

where the coefficients s(i), i = 1, . . . , 6 are

s(1) = 1

9
(3 + 4 cos θ + 2 cos 2θ ),

s(2) = 1

3
√

3
(cos θ − cos 2θ ), s(3) = −1

3
(sin θ + sin 2θ ),

s(4) = − 1√
3

(1 − cos θ ) sin θ,

s(5) = 1

3
(1 − cos θ )2, s(6) = sin2 θ. (A83)

From Eqs. (A79), (A81), and (A82), we can derive the trans-
form equation of the traceless part of the moment M ′

αβ as

M ′sc
αβ = LαβμνM ′s

μν. (A84)

Again, we write this transformation under the representation
of basis ψ5–9 by using Eqs. (6),

M ′t+�t = M ′sc = L · M ′s, (A85)

where

L = E

[
N − 1

N

]
⎡
⎢⎢⎢⎢⎢⎢⎣

E
[

1
N−1

]+ q cos 2θ −q sin 2θ 0 0 0
q sin 2θ E

[
1

N−1

]+ q cos 2θ 0 0 0

0 0 E
[

1
N−1

]+ q 0 0

0 0 0 E
[

1
N−1

]+ q cos θ q sin θ

0 0 0 −q sin θ E
[

1
N−1

]+ q cos θ

⎤
⎥⎥⎥⎥⎥⎥⎦

. (A86)

Stationary value of the velocity moment. The total transformation of M ′ during [t, t + �t] can be derived by putting Eqs. (A55)
and (A85) together,

M ′t+�t = L · (M ′t − 2θT �t ė). (A87)

Setting M ′t+�t = M ′t = M ′ in Eq. (A87) yields a linear equation of the stationary value of the second-order velocity moment
M ′,

(L − I5×5) · M ′ = 2θT �tL · ė. (A88)

Its solution is

M ′ = 2θT �tG · ė, G =

⎡
⎢⎢⎢⎢⎣

ϕe ϕo 0 0 0
−ϕo ϕe 0 0 0

0 0 ψe 0 0
0 0 0 φe −φo

0 0 0 φo φe

⎤
⎥⎥⎥⎥⎦, (A89)
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where

ϕe = E

[
N

N − 1

]
q cos 2θ − 1

(q cos 2θ − 1)2 + q2 sin2 2θ
+ 1,

ϕo = E

[
N

N − 1

]
q sin 2θ

(q cos 2θ − 1)2 + q2 sin2 2θ
,

ψe = E

[
N

N − 1

]
1

q − 1
+ 1,

φe = E

[
N

N − 1

]
q cos θ − 1

(q cos θ − 1)2 + q2 sin2 θ
+ 1,

φo = E

[
N

N − 1

]
q sin θ

(q cos θ − 1)2 + q2 sin2 θ
.

b. The kinetic viscosity

Translating Eq. (A47) into its form represented by ψ5–9 and replacing the moment M ′ by the solution Eq. (A89), we obtain
the kinetic viscous stress of the 3D-CSRD as

σ v,kinI = 2ρθT �t
(

1
2δIJ − GIJ

)
ėJ . (A90)

Therefore, the kinetic viscosity is

ηkinIJ = 2ρθT �t
(

1
2δIJ − GIJ

)
, (A91)

and can be expressed as the form of Eq. (12),

ηkin = 2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 μkin
1 ηo,kin

1 0 0 0

0 0 0 0 −ηo,kin
1 μkin

1 0 0 0

0 0 0 0 0 0 μkin
3 0 0

0 0 0 0 0 0 0 μkin
2 ηo,kin

2

0 0 0 0 0 0 0 −ηo,kin
2 μkin

2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (A92)

where the nonzero kinetic viscosities are as follows:

μkin
1 = ρθT �t

{
λ(1 − q cos 2θ )

(λ − 1 + e−λ)[(1 − q cos 2θ )2 + q2 sin2 2θ ]
− 1

2

}
,

μkin
2 = ρθT �t

{
λ(1 − q cos θ )

(λ − 1 + e−λ)[(1 − q cos θ )2 + q2 sin2 θ ]
− 1

2

}
,

μkin
3 = 1

2
ρθT �t

[
5λ

(λ − 1 + e−λ)(2 − cos α − cos 2α)
− 1

]
,

ηo,kin
1 = −ρθT �t

λq sin 2θ

(λ − 1 + e−λ)[(1 − q cos 2θ )2 + q2 sin2 2θ ]
,

ηo,kin
2 = ρθT �t

λq sin θ

(λ − 1 + e−λ)[(1 − q cos θ )2 + q2 sin2 θ ]
. (A93)

3. Navier-Stokes equation for the 3D-CSRD fluid

The derivation of the mass continuity equation is straight-
forward. Substituting the mass flux equation (A38) into the
conservation equation of mass, we get the standard form of
the continuity equation as

∂tρ + ∂α (ρuα ) = 0. (A94)

Then we work on the conservation equation of momentum.
According to Eqs. (A17) and (A44), the total momentum flux
of CSRD is

Tαβ = ρuαuβ + Pδαβ − σ v
αβ, (A95)

where σ v
αβ = ηαβμν∂νuμ. We can write down the follow-

ing Navier-Stokes equation via the momentum flux, the
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conservation equation, and the continuity equation:

ρ
duα

dt
= −∂αP + ∂βσ v

αβ. (A96)

To obtain the standard form of the Navier-Stokes equa-
tion for the 3D-CSRD, we have to transform the viscosity
tensor back to the form expressed by the tensor product basis
eα ⊗ eβ . The orthogonality of τ I

αβ [Eqs. (8)] gives the relation
between two expressions of the viscosity as

ηαβμν = 1
2τ I

αβηIJτ J
μν. (A97)

From Eqs. (A23) and (A93), we can derive 14 nonzero vis-
cosities of 3D-CSRD which are ζ , ηR,1, ηR,2, μ1, μ2, μ3,
ηe

s , ηe
Q,1, ηo

1, ηo
2, ηo

R, ηo
Q,2, ηo

Q,3, and ηo
A. We use Eq. (A97)

to transform the viscosity tensor part by part. For example,
the μ3 part of the viscosity tensor under basis {ψ I} (i.e.,
μ3δ

I7δJ7) is transformed back to μ3τ
7
αβτ 7

μν . For the sake of
convenience, we expand the matrices τ I

αβ by Kronecker and
Levi-Civita symbols. For the matrix τ 7

αβ , we have τ 7
αβ =

− 1√
3
δαβ + √

3δzαδzβ . Then the term of μ3τ
7
αβτ 7

μν can be re-
arranged as

μ3τ
7
αβτ 7

μν = 1
3μ3
(
δαβδμν − 3δαβδzμδzν

− 3δzαδzβδμν + 9δzαδzβδzμδzν
)
.

(A98)

After performing the similar procedure on other nonzero parts
of the viscosity tensor, we get the viscosity tensor as

ηαβμν = ζ δαβδμν + μ1(δ⊥
αμδ⊥

βν + δ⊥
ανδ

⊥
βμ − δ⊥

αβδ⊥
μν ) + μ2(δ⊥

αμδzβδzν + δzαδzμδ⊥
βν + δ⊥

ανδzβδzμ + δzαδzνδ
⊥
βμ)

+ μ3
(

1
3δαβδμν − δαβδzμδzν − δzαδzβδμν + 3δzαδzβδzμδzν

)+ ηR,1[δαμδβν − δανδβμ − (δ⊥
αμδ⊥

βν − δ⊥
ανδ

⊥
βμ)]

+ ηR,2(δ⊥
αμδ⊥

βν − δ⊥
ανδ

⊥
βμ) +

√
2ηe

s

[
4
3δαβδμν − (δαβδ⊥

μν + δ⊥
αβδμν )

]+ 2ηe
Q,1(δ⊥

αμδzβδzν − δzαδzμδ⊥
βν )

+ ηo
1(δ⊥

αμεzβν + δ⊥
βνεzαμ) − ηo

2(δzαδzμεzβν + δzαδzνεzβμ + δzβδzνεzαμ + δzβδzμεzαν )

+ ηo
R(εzαμδβν + δαμεzβν − εzανδβμ − δανεzβμ) + 2ηo

Q,2(δαμεzβν − εzαμδβν ). (A99)

Here, δ⊥
αβ is defined by δ⊥

αβ � δαβ − δzαδzβ and the terms of ηo
Q,3 and ηo

A have been absorbed into the ηo
Q,2 term by using the

relations ηo
Q,3 = 2ηo

Q,2/
√

3 and ηo
A = − 4√

6
ηo

Q,2 [see Eqs. (A23)]. Proceeding, the viscous stress constitutive relation, σ v
αβ =

ηαβμν∂νuμ, of the 3D-CSRD is written as

σ v
αβ = ζ∇ · u + μ1(∂⊥

β u⊥
α + ∂⊥

α u⊥
β − δ⊥

αβ∇⊥ · u⊥) + μ2[δzβ (∂zu
⊥
α + ∂αu⊥

z ) + δzα (∂zu
⊥
β + ∂βu⊥

z )]

+ μ3
(
δ⊥
αβ∇⊥ · u⊥ + 2δzαδzβ∂zuz − 2

3δαβ∇ · u
)+ ηR,1[∂βuα − ∂αuβ − (∂⊥

β u⊥
α − ∂⊥

α u⊥
β )]

+ ηR,2(∂⊥
β u⊥

α − ∂⊥
α u⊥

β ) +
√

2ηe
s

[
4
3δαβ − (δαβ∇⊥ · u⊥ + δ⊥

αβ∇ · u)
]+ 2ηe

Q,1(δzβ∂zu
⊥
α − δzα∂⊥

β uz )

+ ηo
1(∂∗

βu⊥
α + ∂⊥

β u∗
α ) − ηo

2[δzα (∂∗
βuz + ∂zu

∗
β ) + δzβ (∂∗

αuz + ∂zu
∗
α )]

+ ηo
R(∂βu∗

α + ∂∗
βuα − ∂αu∗

β + ∂∗
αuβ ) + 2ηo

Q,2(∂∗
βuα − ∂βu∗

α ). (A100)

Here, we have defined the notations u∗
α � εzαβuβ and u⊥

α �
δ⊥
αβuβ (these notations are also applied to ∇ = (∂x, ∂y, ∂z )�

in the same way). Finally, with this constitutive relation, the
Navier-Stokes equation for 3D-CSRD becomes

ρ
du
dt

= − ∇P + η̂b∇(∇ · u) + η̂zb(∇∂zuz + êz∂z∇ · u)

+ η̂∇2u + η̂zs1êz∇2uz + η̂zs2∂
2
z u + η̂zs3êz∂

2
z uz

+ η̂o∇2u∗ + η̂ob[∇(∇ · u∗) + ∇∗(∇ · u)]

+ η̂zo
(
∂2

z u∗ + êz∂z∇ · u∗ + ∇∗∂zuz
)
,

(A101)
where the following coefficients are introduced:

η̂ � μ1 + ηR,2 = μkin
1 + ηcol

1 − 1√
3
ηcol

2 ,

η̂b � ζ + 1

3
μ3 − ηR,2 − 2

√
2

3
ηe

s = 1

3
μkin

3 ,

η̂zs1 � μ2 − μ1 + ηR,1 − ηR,2 − 2ηe
Q,1

= μkin
2 − μkin

1 +
√

3

2
ηcol

2 ,

η̂zs2 � μ2 − μ1 + ηR,1 − ηR,2 + 2ηe
Q,1

= μkin
2 − μkin

1 −
√

3

2
ηcol

2 ,

η̂zs3 � 2μ1 + 2μ3 − 4μ2 + ηR,2 − ηR,1

= 2
(
μkin

1 + μkin
3 − 2μkin

2

)− 7
√

3

12
ηcol

2 ,

η̂zb � μ2 − μ3 + ηR,2 − ηR,1 +
√

2ηe
s

= μkin
2 − μkin

3 ,

η̂o � 1

2
ηo

1 + ηo
R − 2ηo

Q,2 = 1

2
ηo,kin

1 + ηcol
3 ,

η̂ob � 1

2
ηo

1 − ηo
R = 1

2
ηo,kin

1 ,

η̂zo � −
(

1

2
ηo

1 + ηo
2

)
= −

(
1

2
ηo,kin

1 + ηo,kin
2

)
.
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Simplified Navier-Stokes equation

The Navier-Stokes equation will be significantly simplified
if we choose a small additional rotation angle θ and set ω =
2π/3. Under the condition of ω = 2π/3, ηcol

2 and ηcol
3 become

zero [see Eqs. (A21)] such that in Eqs. (A23) ηe,col
s , ηe,col

Q,1 ,
and all collisional odd viscosities vanish, while the equality
that μcol

1 = μcol
2 = μcol

3 = ηcol
R,1 = ηcol

R,2 holds. In Eqs. (A93),
the small θ limit yields two approximate relations for the
kinetic viscosities μkin

1 = μkin
2 = μkin

3 and ηo,kin
1 = −2ηo,kin

2 .
By defining μ � μ1 = μ2 = μ3, ηR � ηR,1 = ηR,2, and ηo �
ηo

1 = −2ηo
2, the viscosity tensor now reads

ηαβμν = ζ δαβδμν + ηR(δαμδβν − δανδβμ)

+ μ(δαμδβν + δανδβμ − 2
3δαβδμν )

+ 1
2ηo(εzαμδβν + εzανδβμ + εzβμδαν + εzβνδαμ).

(A102)

The Navier-Stokes equation is simplified as

ρ
du
dt

= −∇p + η̂∇2u + η̂b∇(∇ · u)

+ η̂o[∇2u∗ + ∇(∇ · u∗) + ∇∗(∇ · u)], (A103)

where η̂ = ηcol
1 + μkin, η̂b = 1

3μkin, and η̂o = 1
2ηo,kin

1 .

APPENDIX B: VISCOSITIES OF 3D-CSRD FLUID

We summarize the theoretical expressions and the numeri-
cal results of all the viscosities for 3D-CSRD fluid in Table I.
For simplicity, the quantities q, ηcol

1 , ηcol
2 , ηcol

3 are used in the
table, and their expressions are

q = 1
5 (1 + 2 cos ω + 2 cos 2ω),

ηcol
1 = m(λ − 1 + e−λ)

108l�t
[9 − (1 + 2 cos ω)(1 + 2 cos θ )],

ηcol
2 = −

√
3m(λ − 1 + e−λ)

108l�t
(1 + 2 cos ω)(1 − cos θ ),

ηcol
3 = m(λ − 1 + e−λ)

36l�t
(1 + 2 cos ω) sin θ.

Here, for the simulation result of bulk viscosity ζ , we only
display its collisional part because our current method cannot
measure a kinetic bulk viscosity with sufficient precision.

TABLE I. Viscosities of 3D-CSRD fluid. Parameters: �t = 0.1, λ = 10, ω = π/3, kBT = 1.

Viscosity Even/Odd Kinetic Part Collisional Part Simulation Result

ζ Even 0 1
3 ηcol

1

ηR,1 Even 0 1
2 ηcol

1 + 1
4
√

3
ηcol

2

ηR,2 Even 0 1
2 ηcol

1 − 1
2
√

3
ηcol

2
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TABLE I. (Continued.)

Viscosity Even/Odd Kinetic Part Collisional Part Simulation Result

μ1 Even ρkBT �t
m { λ(1−q cos 2θ )

(λ−1+e−λ )[(1−q cos 2θ )2+q2 sin2 2θ]
− 1

2 } 1
2 ηcol

1 − 1
2
√

3
ηcol

2

μ2 Even ρkBT �t
m { λ(1−q cos θ )

(λ−1+e−λ )[(1−q cos θ )2+q2 sin2 θ]
− 1

2 } 1
2 ηcol

1 + 1
4
√

3
ηcol

2

μ3 Even ρkBT �t
2m [ 5λ

(λ−1+e−λ )(2−cos ω−cos 2ω)
− 1] 1

2 ηcol
1 + 1

2
√

3
ηcol

2

ηe
A Even 0 0

ηe
s Even 0 1√

6
ηcol

2
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TABLE I. (Continued.)

Viscosity Even/Odd Kinetic Part Collisional Part Simulation Result

ηe
Q,1 Even 0 − 3

4
√

3
ηcol

2

ηe
Q,2 Even 0 0

ηe
Q,3 Even 0 0

ηo
1 Odd − ρkBT �tλq sin 2θ

m(λ−1+e−λ )[(1−q cos 2θ )2+q2 sin2 2θ]
1
2 ηcol

3

ηo
2 Odd ρkBT �tλq sin θ

m(λ−1+e−λ )[(1−q cos θ )2+q2 sin2 θ]
− 1

4 ηcol
3
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TABLE I. (Continued.)

Viscosity Even/Odd Kinetic Part Collisional Part Simulation Result

ηo
R Odd 0 1

4 ηcol
3

ηo
A Odd 0 1√

6
ηcol

3

ηo
s Odd 0 0

ηo
Q,1 Odd 0 0

ηo
Q,2 Odd 0 − 1

4 ηcol
3
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TABLE I. (Continued.)

Viscosity Even/Odd Kinetic Part Collisional Part Simulation Result

ηo
Q,3 Odd 0 − 1

2
√

3
ηcol

3
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